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Abstract

A longstanding problem in deep learning is making models generalize better out of their training data.
This thesis proposes practical probabilistic methods for endowing neural networks of any architecture
such as foundation models with invariance and equivariance with respect to arbitrary symmetries to
improve their generalizations on novel transformed inputs. These methods enable neural networks with
scalable, all-purpose architectures to perform transfer learning from vision and language to graphs, zero-
shot reasoning on knowledge graphs, training-free warp-invariant vision, and neural partial dil@rential
equations solving for unseen initial conditions. These contributions help advance the scope and utility of
deep learning across diverse domains whenever relevant knowledge of invariance is available.

Keywords Geometric deep learning, invariance and equivariance, symmetry, generalization
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Chapter 1. Introduction

A longstanding challenge in deep learning is building models that can learn from limited data and
generalize robustly to previously unseen circumstances. While modern neural networks have achieved
remarkable success across vision and language, they require an enormous amount of data and struggle
when inputs are presented in unfamiliar ways. One principled approach to this challenge is to incorporate
our knowledge of invariance, specifying how the semantics of data remain unchanged under structured
transformations. A classi er that knows rotations preserve object identity can reliably generalize from
upright examples to rotated ones without seeing them during training. This insight has driven a decade
of research into methods exploiting symmetry groups of geometric transformations, with applications
including robotics, physics simulation, drug discovery, and recommendation systems.

The dominant paradigm leverages symmetries through specialized architectures, such as group-
convolutional and message-passing networks, whose weight-sharing is constrained to respect speci c
symmetries. While e ective, this approach has signi cant limitations. Each new symmetry requires custom
architecture design, often incurring substantial implementation complexity and restricted expressive
power. More critically, these specialized structures are incompatible with general-purpose architectures
like transformers, and thus with the valuable ability to transfer knowledge from data-abundant domains to
problems with di erent symmetries. This motivates the central question of this thesis: Can we harness the
generalization bene ts of symmetry while remaining fully compatible with arbitrary neural architectures?

This thesis answers this question a rmatively by developing architecture-agnostic methods for
endowing neural networks with invariance and equivariance to arbitrary symmetries. By decoupling
symmetry from architectural design, these methods achieve robust generalization while leveraging the
scalability and transferable knowledge of general-purpose models. We make three principal contributions.
In Chapter 2, we show that standard transformers can express permutation-equivariant computations via
appropriate tokenization and input augmentations, without modifying the attention mechanism. This
yields graph and hypergraph transformers compatible with conventional implementations, achieving
competitive performance on large-scale computational chemistry benchmarks. In Chapter 3, we introduce
probabilistic symmetrization, an approach that achieves equivariance not through architectural constraints
but through stochastic data transformations. Applicable to any base model and symmetry group, this
framework enables zero-shot warp-invariance in vision, improved neural PDE solving for unseen initial
conditions, and e ective transfer of models pre-trained on natural images to graphs. In Chapter 4, we
introduce random walk neural networks, which convert graphs into sequences via stochastic traversals,
enabling any sequence model to process graph data with provable isomorphism invariance. This allows
pre-trained language models to be directly applied to graph reasoning, classi cation on scienti ¢ and
social networks, and protein property prediction. We further develop a knowledge graph foundation
model capable of zero-shot link prediction for entirely unseen entities and relations.

Together, these contributions expand geometric deep learning beyond specialized architectures,
enabling practitioners to incorporate symmetry into any model and opening new research directions at
the intersection of symmetry and generalization.



Chapter 2. Higher-order Transformers

The transformer architecture has become the dominant backbone for deep learning, powering state-
of-the-art models in vision and language. Its success stems largely from self-attention, which captures
global dependencies between elements. However, standard transformers lack explicit inductive biases
for structured data such as graphs and hypergraphs, where permutation symmetry should be respected.
Learning on such structures has conventionally relied on message-passing networks. While satisfying
permutation equivariance by construction, these architectures often struggle with long-range dependencies
due to issues in signal propagation and are limited in expressivity by the Weisfeiler-Lehman hierarchy.
This chapter addresses this problem by developing principled extensions of transformers to sets, graphs,
and hypergraphs, and ultimately demonstrating that standard transformers, given appropriate input
representations, can match or exceed the expressivity of specialized architectures.

This chapter is adapted from the following papers:

" "Transformers Generalize DeepSets and Can be Extended to Graphs and Hypergraphs", which
originally appeared at NeurlPS 2021 and is joint work with Saeyoon Oh, and Seunghoon Hong,

"~ "Equivariant Hypergraph Neural Networks", which originally appeared at ECCV 2022 and is joint
work with Saeyoon Oh, Sungjun Cho, and Seunghoon Hong,

" "Pure Transformers are Powerful Graph Learners", which originally appeared at NeurlPS 2022 and
is joint work with Tien Dat Nguyen, Seonwoo Min, Sungjun Cho, Moontae Lee, Honglak Lee, and
Seunghoon Hong.

The rst two works develop attention mechanisms over tensorized queries and keys with equivariant
masking, extending transformers to graphs and hypergraphs while exceeding the expressivity of their
message-passing counterparts. The third work shows that these mechanisms can be implicitly realized
by standard transformers through appropriate tokenization. In Section 2.1, we develop higher-order
transformers for graphs and hypergraphs, along with sparse and kernelized variants that scale linearly with
edge count. In Section 2.2, we present equivariant hypergraph neural networks that support hyperedges
of arbitrary size via symmetric tensor representations and hypernetwork-based parameter sharing. In
Section 2.3, we introduce tokenized graph transformers, demonstrating that a standard transformer
with node and edge tokens augmented by node identi ers can express higher-order attention, e ectively
converting a general-purpose architecture into a powerful graph learner without architectural modi cation.



Figure 2.1: lllustrated operations of a message-passing GNN, an equivariant linear layer, and a second-
order transformer layer. A single output node is highlighted.

2.1 Higher-order transformers

Graph is a universal data modality used to model social networks [Qiu et al., 2018], chemical
compounds [Gilmer et al., 2017], biological structures [Fout et al., 2017], and interactions in particle
physics [Kipf et al., 2018, Serviansky et al., 2020]. Graph neural networks (GNNs) adopt a message-passing
scheme [Zhou et al., 2018, Zhang et al., 2018b, Wu et al., 2021b], where the node features are propagated
and aggregated recurrently according to the neighborhood structure given in the input graph. Despite the
simplicity, the local and recurrent nature makes them unable to discover dependency between any two
nodes with a distance longer than the message-passing steps [Gu et al., 2020]. The locality of message
passing is also known to be related to the over-smoothing problem that prevents scaling of GNNs [Li
et al., 2018, Cai and Wang, 2020, Oono and Suzuki, 2020].

An alternative approach is using a more general set of operations that involve global interactions
while respecting the permutation symmetry of graphs. Such operations either produce the same output
regardless of the node ordering of input graph (permutation invariance), or commute with node reordering
(permutation equivariance). Message passing is an equivariant operation, but is restricted to local
neighborhoods de ned by the input graph. Recently, Maron et al. [2019b] characterized the full space of
invariant and equivariant linear layers. It turned out that these layers span not only the local neighborhood
interactions of message-passing GNNs, but also global interactions such as the one between disconnected
nodes, and even edge-to-node, or node-to-edge interactions (Figure 2.1). Notably, their formulation
naturally extends to layers with di erent input & output orders (e.g., edge in, node out), and higher-order
layers for hypergraphs. In theory, an invariant MLP composed of these layers should be more powerful
than message-passing GNNs as they can model long-range dependency between nodes (Figure 2.1).
However, they are currently not widely adopted due to relatively low performance and high memory cost.

Contributions We present higher-order transformers that address the low performance and high
complexity of invariant MLPs. First, based on an observation that transformer encoder generalizes rst-
order equivariant linear layers or deep sets [Zaheer et al., 2017], we formulate higher-order transformer
layers that generalize equivariant linear layers by extending self-attention to higher orders (Figure 2.1).
Second, while transformer layers with input and output ordersk; | has O(n*' ) complexity, we show that
by leveraging the sparsity of inputs, we can obtainO(m?) complexity given input with m hyperedges.
Further adopting kernel attention approaches, we propose a variant that reduces the complexity taO(m)
and theoretically prove that they are more expressive than message-passing networks. Finally, we test
higher-order transformers on a range of tasks, and show that they achieve signi cant improvements over
invariant MLPs and are highly competitive in performance and scalability to the state-of-the-art GNNs.



Figure 2.2: Example operations in a second-order layek o, . We illustrate how input edges (i1;i2) =i
are aggregated to an output edgej(i;j2) =] in various equivalence classes (jj) 2 via basis tensor B, -
Note that a loop ((i 1;i1) or (j 1;j1)) represents a node.

2.1.1 Preliminary

In this section, we rst describe how (hyper)graphs can be treated as higher-order tensors. We then
describe linear layers that operate on higher-order tensors while respecting node permutation symmetry.
In particular, we analyze operations within linear layers for second-order tensors (graphs) and show they
involve global interactions on top of local aggregation.

Let us de ne some notations. We denote a set afa; ::;;bg, a tuple as (a;:::;b), and denote |n] =
f1;::;ng. We denote the space of ordek tensors asR"™ ¢ whered is feature dimension. For an orderk
set of all permutations of [n]. 2S ,, actsoniby (i)=( (i1);::; (ik)), and acts on an orderk tensor
Aby (A i=A 1.

(Hyper)graphs as tensors Generally, a (hyper)graph data G can be represented as a tuple\(;A),
whereV is a set ofn nodes and A2 R" ¢ encodes features attached to hyperedges. The type of the
hypergraph is indicated by the orderk of the tensor A. First-order tensor is a set of features (e.g., point
cloud, bag-of-words) where A is the feature of nodei. Second-order tensor encodes edge features (e.g.,
adjacency) where A ., is the feature of edge {1;i2). Generally, an orderk tensor encodes hyperedge
features (e.g., mesh) where A ...;, is the feature of hyperedge (i;:::;ik).

Permutation invariance and equivariance Our problem of interest is building a functional relation

f(A) T between tensor A and targetT. If T is a single output vector, we often require thatf is
permutation invariant, that it satises f( A)= f(A);if T isatensorT =T, we often require that f is
permutation equivariant, satisfyingf( A)= f (A),forall 2SS, and A 2 R™M . Ina typical design
setup where a neural networkf is built using linear layers and non-linear activations, the construction of

f reduces to nding invariant and equivariant linear layers.

Invariant and equivariant linear layers We summarize invariant linear layers Lo R1“d IR o
and equivariant linear layers Ly R"“d IR "'d°identied in Maron et al. [2019b]. Note that
invariant layer is a special case oLy, with | =0. In summary, given an input A 2 R d | the order-



output of an equivariant layer L, can be written with i 2 [n] ¥;j 2 [n]' as:

X X X

Ly (A)j = Bi;j Aiw + Cj b ; (2.1)

i
wherew 2R9d° b 2 RY are weight and bias parameters, B 2R"" and C 2 R" are basis tensors
(will be de ned), and and are equivalence classes of ordek( |) and order-l multi-indices, respectively.
The equivalence classes are de ned upon equivalence relation that, for multi-indices i ;j 2 [n]¢,i i
(i;:50k) = (o) (jk)) for some node permutation 2 S . Then, a multi-index i and all members
j in its equivalence class have the same (permutation-invariant) equality pattern: i, =iy, ja =] for all
a; b 2 [k]. Consequently, each equivalence class (or ) is a distinct set of all order-(k + ) (or order-I)
multi-indices having a speci ¢ equality pattern.

Notably, we can represent each equivalence class of ordkrmulti-indices as a unique partition of [k]
regardless ofn, where the partition speci es the equality pattern. e.g., with k =2, we have two partitions
and respective equivalent classes: 1 = ffi 1;i>ggthe set of all (i,;i,) with i; =i, and , = ffi 10;fi.gg
the set of all (i1;i2) with i; 6 i,. Thus, with b(k) the k-th Bell number or number of partitions of [Kk], we
have b(k + 1) equivalence classes for the weight and b(l) equivalence classes for the bias. We guide
the readers interested in derivation to Maron et al. [2019b].

With the equivalence classes, basis tensors are de ned as follows:

(
By = Lo@pz c = Loz 2.2)
0 otherwise 0 otherwise

In Equation (2.1), each equivalence class determines which (hyper)edges participate and how they
interact in summation Bi;j Ai. As an example, let us considelL,, that maps input edges i = (iq1;iy)
to output edges j = (j1;j2). An equivalence class = ffi 1;i,0;fj 1;j209 represents all (i;j) 2 that
i1 = i2,J1 = j2,and iy 6 j1. Then, due to masking by B , only input elements A;,;, with i1 = iy
participate in the summation and gives output Laip (A)j,;, for ji = jo, i1 6 j1. Intuitively, this is
analogous to computing a node feature by sum-pooling all the other nodes (Figure 2.2(b)). Di erent
accounts for other interactions as shown in Figure 2.2. Notably, it contains a richer set of operations
beyond local interactions modeled by message passing (Figure 2.2(a)), such as global interaction across
all nodes (Figure 2.2(b)), and edge-to-node (Figure 2.2(c)), node-to-edge interactions (Figure 2.2(d)).

We nish the section by writing out the rst-order equivariant layer Lii; . As b(2) = 2, the
layer has two equivalence classes; = ffi 1;jiggand , = ffi 19;fj 199 Then, we have B* = |, and
B2=1,17 | »,with1, 2R" vector of ones. Then, given a set of features A 2 Rd |

Lur (A =1 qAW+ (101 | n)AwS+1,b (2.3)
=l AW + 1,10 Aw, + 1,07 ; (2.4)

where wy; wo; w§; wl 2 Rdd 0, b 2 RY, L1y is analogous to a combination of elementwise feedforward
( 1) and sum-pooling of set elements (), and is also known as a deep set layer [Zaheer et al., 2017].

2.1.2 Method

In Section 2.1.1, we introduced higher-order linear equivariant layerd , , and showed that they
contain various global and node/edge interactions that are not covered by message passing. In this section,



we establish a connection between the rst-order equivariant layerL;;; and self-attention of transformer
encoder layers [Vaswani et al., 2017]. Then, we extend the relationship to higher orders by tensorizing
gueries and keys, and formulate higher-order transformer layers. We nish the section by proposing a
principled parameter reduction for queries and keys, which reduces a fair amount of computation. All
missing proofs can be found in Appendix A.1.1.

Transformers generalize deep sets

As we've shown, rst-order linear layer, or deep set, has a simple structure composed of feedforward
and sum-pooling (Equation (2.4)). Although it is theoretically proven to be a universal approximator of
permutation-invariant functions [Zaheer et al., 2017], static sum-pooling could be limited in capturing
interactions of set elements, motivating the use of sophisticated pooling. In particular, the self-attention
mechanism of transformer encoder [Vaswani et al., 2017] was shown to achieve a large performance gain
in set modeling via context-aware weighted pooling [Lee et al., 2019, Yun et al., 2020]. To see this, let us
write out the transformer encoder layers.

A transformer encoder layer is a functionEnc : R"Y 'R "¢ consisting of two layers: a self-attention
layer Attn : R"4 IR "9 and an elementwise feedforward layeMLP : R"¢ IR "9 | For a set ofn
input vectors X 2 R "9 | a transformer layer computes the following:

XX
Enc(X); = Attn(X) ; + MLP(Atin(X)) i;  Attn(X) ; =X; + 0 X Wy W
h=1 j=1
where " = (thQ(XwL( )”) is an attention coe cient with an activation , H is the number of heads,

du is head size, @ is hidden dimension, and v 2 R ¢ | wY;wK;wQ 2 R4d v 1

Now, we show that transformer layers are generalized rst-order linear equivariant functions. By
setting ,*l‘ =1 and assuming that MLP (Y ) approximates a linear layerY w" + b™> following the universal
approximation theorem [Hornik et al., 1989], the transformer layer reduces to the following:

X
Enc(X); =X i(ln +wF)+  X;w¥o(,+wF)+b";
=1

P
wherew¥© = = 1 wYwP. This is equivalent to a deep set layer in Equation (2.4) withwy = 1, + wF,

w, = wWO(l, + wF), and b= bF . In other words, we can convert deep sets to transformers by changing
the static pooling to attention and replacing elementwise linear mapping with an MLP. We generalize this
approach to higher-order input and output, which leads to the formulation of higher-order transformers
for graphs and hypergraphs.

Higher-order transformer layers

We've seen that transformer layers are generalized rst-order equivariant linear layerd_1;; . Notably,
the generalization procedure was equivalent to changing static pooling to attention and adding feedforward
MLP. In this section, we generalize the approach toLy, with arbitrary orders k and | and formulate
higher-order transformer layer Eng

In general, we de ne higher-order transformer layer as a functionEncy, : RMd 1R n'd with
two layers: a higher-order self-attention layer Attn . R"“d 1 R n'd and a feedforward layer

1We omit normalization after Attn() and MLP() for simplicity as in Yun et al. [2020], Hanin and Sellke [2017].
2|n practice, transformer employs softmax in attention and deviates from Deepsets due to normalization.



MLPy :R"™d IR n'd  Foran inputtensor A2 R " ¢ | a transformer layer computes:

Enca (A)=Attn  (A)+MLP y (Attn ki (A));
MLPy (Attnw (A) =L fi ReLULj (Attnw (A) ; (2.5)

whereL} :R"d4 IR "dr andL? :R"9F IR "9 are equivariant linear layers with hidden

dimensiond: . Remaining question is how to de ne and compute higher-order self-attentionAttn , (A).
To design Attn , , we remove the bias from Equation (2.1) and introduce attention coe cients. This

h;

is done by changing each B 2 R to attention coe cient tensor 2R™ with multiple heads:

X X X N v o
Attn i (A) i= i;j, AiWh; Wh, (2.6)
h=1 [
wherew? 2R% 4 wY 2RY¢+ are learnable parametersH denotes the number of heads, and
denotes head size. Then similar to rst-order case, we can show the following:

Theorem 1. Enc «y (Equation (2.5)) is a generalization of Lyy (Equation (2.1)).

Proof. Let Ihj =1forall h; ,and(;j2 . Thisrenders ™ =B from the de nition of B

Additionally, let MLPy; (Attn 1 (A)) j = C;b forallj 2 [n]'. Thatis, MLP, ignores input and
reduces to an invariant bias in Equation (2.1). Then, Equation (2.5) reduces to the following:

X X X X

Enca (A)j = Bij Ai wy wp +  Cjb;

i h=1
P
which is equivalent to Equation (2.1) withw = |1, wY wg . O

Now, we describe how to compute each attention tensor 2 R from input A 2 Rn“d
(Equation (2.6); head index h dropped for brevity). We obtain them from higher-order query and key:

) @QKy)»=Z G2
& 0 otherwise

where Q =L, (AsK =L, (A); 2.7)

P
where Zj = = yii0 (Q;;K;) is a normalization constant. We note that query and key tensors
are computed from the input A using the equivariant linear layers in Equation (2.1). This leads to
permutation equivariance (or invariance) of transformer encoder layer Eng, in Equation (2.5).

Reducing orders of query and key Although Equations (2.6) and (2.7) provide a simple and generic
de nition of higher-order self-attention, we observe that there exist a lot of unnecessary computations.
Speci cally, there exist elements of query Q and key K that are unused in computation of attention

coe cient as it depends only on indices satisfying (ij) 2 . In fact, it turns out that the e ective

i
orders of query and key are much smaller than | and k, as we show below:

Proposition 1. From Equation (2.7), let u() denote the number of unique entries in a multi-index.
With uq = u(j), ux = u(i) for some (i;j) 2 , we can always nd suitable linear layersL,,, . Low
and index space mappings { : [n]' I [n] Ve, f: [n]k 1[n] Y« that satisfy the following.

i = (Quik)=Z; 82 ; 2:8)



P
whereZj = o (QiKi) @ =Ly, (A K =Ly, (A)]°=fq0).i%=F ().

Based on Proposition 1, we can compute query and key in Equation (2.7) in a much compact way
using linear layers with output orders uq and uy instead of | and k. In our experiments, we observe that
this optimization is very useful in reducing the number of parameters and memory footprint to a feasible
level without a ecting the e ective model capacity.

E cient higher-order transformers

In Section 2.1.2, we formulated higher-order transformer layersEncy, and showed that they
generalize linear equivariant layersLy,; . However, this capability comes with a cost; the high asymptotic
complexity of the transformer encoder limits its practical merits. Speci cally, we show the following:

Property 1. Given input size n, the asymptotic complexity of a linear layerLy, (Equation (2.1)) is
O(n¥*"), and complexity of an encoder layer Eng, (Equation (2.5)) is O(n*"" +n 2 +n?),

Thus, in this section, we further analyze the encoder layer and propose a number of optimization and
relaxation to reduce the asymptotic complexity with a minimal impact on capability. Notably, combining
all our strategies reduces the complexity toO(m) given a hypergraph with m hyperedges. Even with such
e ciency, we show that the reduced version of higher-order transformer is theoretically more expressive
than message-passing neural networks.

E cient linear layers A computation bottleneck within transformer encoder layer Ency is the
higher-order linear layer, since it is used for key, query, and feedforward layer. By exploiting only a subset
of basis, we show that we can implement lightweight version of linear layer with reduced asymptotic
complexity.

Proposition 2. Given a linear layer Ly, in Equation (2.1), we can always nd a nonempty subseM
of equivalence classes such that computation of the following for all j has O{ncomplexity.

X X X
Lk (A)j= BijAiw + C;

(b (2.9)
2M i

We term the reduced linear layerLy,; in Equation (2.9) as a lightweight linear layer. In practice, we
chooseM among equivalence classes that do not involve summation over input. For instance, fdry;y
we use only the basis for elementwise mappind §) and drop sum-pooling (1,1; ) from Equation (2.4).
This approximation e ectively reduces the complexity of linear layers at the cost of losing inter-element
dependencies. We employ the lightweight linear layers within theEncyy (Equation (2.5)) to compute
query and key embeddings, while the element dependency withincy, is handled by the higher-order
self-attention using all equivalence classes as in Equation (2.7). This design is coherent to original
(' rst-order) transformers, where the elements are rst linearly projected to query/key with elementwise
basis () and interaction is handled by attention (implicitly 1 ,1; ). Importantly, this does not hurt
Theorem 1 as attention coe cients can still reduce to one and MLP can reduce to bias.

Proposition 3.  Ency; (Equation (2.5)) with linear layers for key, query, and MLP changed toL still
generalizes Ly (Equation (2.1)).

Proof. This can be shown simply by pluggingL into the proof of Theorem 1. We can still assume i’?]f =1

for all (i;j)2 by setting L for key and query to output constants, and can reduceMLP;; composed



of L to an invariant bias as we subsample 2 M but keep all for the bias. Thus, Equation (2.5) can
reduce to Equation (2.1) and Theorem 1 holds. O

By using lightweight linear layers in Encyy , we can signi cantly reduce the computational cost. The
complexity of Ly, ,, Ly, ,,and MLPy in Equation (2.8) and Equation (2.5) reduces toO(nk), O(n"),
and O(n'), respectively, and as a resultEnc; becomesO(nk*' ). As a result, we have higher-order
transformer layers Enc that generalize Ly,  while retaining the complexity O(n*' ). From here we
assume that all linear layers for key, query, and MLP are lightweight.

Sparse transformer layers Even with lightweight linear layers,  O(nk*' ) complexity of Ence is still
impractical. For example, for graphs, complexity larger than O(n?) is regarded prohibitive while Encai,
is O(n%). Fortunately, leveraging the sparsity inherent in real-world graphs can signi cantly reduce the
complexity. As we show, it reduces the complexity ofEnc,; to O(m?) for processing a hypergraph with
m hyperedges.

Let E the set of hyperedges of input hypergraphG. Each hyperedge is generally represented by
a multi-index i 2 [n]¢, so we denoteE = fiq;::;img with m hyperedges. Leveraging sparsity oE is
straightforward when the order of the hypergraph is xed (e.g., Lk ); we can perform computations
with only respect to the existing hyperedges jj 2 E. However, in our framework, order can change
by layers (e.g.,Lky ), making it di cult to directly transfer the sparsity structure  E to di erent-order
output. Inspired by network projection [Carletti et al., 2020], we remedy this by constructing E° such
that for any j 2 E ©, there exists i2 E containing all unique elements of j. For example, forLs;, , this
corresponds to projection of third-order E to second-orderE° by obtaining edges from sides of triangles.
Despite simplicity, this simple heuristic works well in general and generalizes to any order.

Then, we integrate the hyperedge sets E, Einto computation of linear layer in Equation (2.9) as:

Cp P B.Aiw + P C.b j2E?®
La (AE);= 2 2 Pul e (2.10)
0 otherwise
Likewise, integrating E, E %into attention computation in Equations (2.6) and (2.7) we have:
(P, PP h
_ - DOAWY. wo j2E?°
Atnig (AE); = Mo EE m AR R R
0 otherwise
( QM K™)=z, @j)2;i2E;j2E ©
where T = oo bRy ’ : (2.11)

& 0 otherwise

. . . . P
Where Qh' = LE;l (A, E), K h; = Ll’l:“k (A, E), Z j = ij(iz)2 N2E (Q

Property 2. When given E with m elements, the equivariant linear layer in Equation (2.10) hasO(m)
complexity, and self-attention computation in Equation (2.11) hasO(m?) complexity. Consequently, the
computation done by a Engy; composed of the layers has O(#) complexity.

Kernel attention trick We've seen that, by constraining linear layers within Ency to have sparse
input and output, we can reduce O(nk*' ) complexity to quadratic O(m?) to input size. Yet, even O(m?)
can be demanding with large or dense input. As the quadratic term comes from self-attention computation,
we follow the prior work in kernel attention [Katharopoulos et al., 2020, Choromanski et al., 2021] and
view attention coe cients as pairwise dot-product scores. As we will show, this allows us to further



reduce the complexity of Encyy  to O(nk + n') and even O(m) for sparse version, at the cost of relaxing
some modeling assumption.
We begin by approximating attention coe cient in Equation (2.7) using pairwise dot-product kernel:

Q j )" (K i)=Zj ()2

X
W 0 otherwise where 4= @ j) (K 212)

ij(i:)2

where :R% IR EK is kernel feature map. The choice of kernel can be exible, and in our implementation
we adopt the Performer kernel [Choromanski et al., 2021] with strong theoretical and empirical guarantee.
Substituting Equation (2.12) in Equation (2.6), we have:

X X X X
Attn i (A)j = Zjl Q ; )" (K AW wO = Zjl Q )” (K A wY w;
ij(ig)(Z ij(i:)2
where Z = (Q ;) K ) (2.13)

ij(i)2

Here, the two inner-summations in Equation (2.13) are over the key index i, which is coupled with
the query index j by (i;j) 2 . This coupling causes the major computational bottleneck, since the
inner-summations should be computed for every j-th query. We propose an approximation by decoupling

the key and query indices and taking inner-summations over | = fij(i;]) 2 g:
X X X
Attn 1 (A) | zt Q) (K A w'wW®; wherezy (Q ;) K ) (2.14)
i2 i2

The approximation allows a query to attend to some additional keys (depending on ), but it does not
hurt the central requirement of attention that each query can assign di erent attention weights to the
keys. With the approximation, we can compute the summations ,, (K ;)A;and , (K ;) only
once and reuse them across all query indices j to reduce the cost. Speci cally, we show:

Property 3. The encoder Enc y; with approximation in Equation (2.14) has a complexity ofO(nk + n').
Exploiting sparsity further reduces the complexity to O(m), linear to the number of hyperedges m.

Theoretical analysis

We showed that exploiting sparsity and adopting kernel attention reduces the computational complex-
ity of the transformer encoder to linear to input edges. Considering graphsk = | = 2), this complexity is
equivalent to or better than O(n + m) complexity of the message passing operatioh Still, we show that
our (approximate) encoder is theoretically more expressive than message passing.

Speci cally, we show the following:

Theorem 2. A composition of two sparse transformer layers Enc,, with kernel attention can approxi-
mate any message-passing algorithm [Gilmer et al., 2017] to arbitrary precision, while the opposite is not
true.

This leads to the following corollary:

Corollary 1. Second-order sparse transformers with kernel attention are more expressive than any
message-passing neural networks within the framework of Gilmer et al. [2017].

31n practice, we place node features on the diagonals of the adjacency matrix, leading to O(n + m).
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Figure 2.3: A comparison of all second-order models in terms of forward time, memory consumption,
and maximal possible input size. Plots are shown until each model runs into out-of-memory error on a
RTX 6000 GPU with 22GB.

In the proof, we note that local information propagation in message-passing GNNSs is carried out in
Ency, by asingle = ffi 10;fi2;i3;i400 Other types of would carry out di erent operations, which
provides intuition on the powerfulness of transformers.

2.1.3 Experiments

We demonstrate the capability of higher-order transformers on a variety of tasks including synthetic
data, large-scale graph regression, and set-to-(hyper)graph prediction. Speci cally, we use a synthetic
node classi cation dataset from Gu et al. [2020], a molecular graph regression dataset from Hu et al.
[2021], two set-to-graph prediction datasets from Serviansky et al. [2020], and three hyperedge prediction
datasets used in Zhang et al. [2020]. We implemented invariant MLP in Maron et al. [2019b] as one of
baselines, which we abbreviate adLP . We build our model by gradually adding lightweight linear
layers, sparse linear layers, and kernel attention, and denote them by (D), (S), and (), respectively.

Runtime and memory cost

To experimentally verify our claims on linear complexity, we conducted a runtime and memory
consumption analysis on all second-order models using random graphs. The results are shown in Figure 2.3.
Consistent with our theoretical claims, sparse second-order transformer with kernel attention (Ours (S, ))
is the only variant that linearly scales to input size in terms of both time and memory. Also, it is the
only one that successfully scales to graphs with > 50k edges, while still very fast in smaller graphs.

Synthetic chains

To test the ability of higher-order transformers in Table 2.1: Chain node classi cation results.

modeling long-range interactions in graphs, we used a .04 Micro F1 (%) " Macro F1 (%) "
synthetic dataset where the task is node classi cation 5 4778 417 33:58 1:86
in chain graphs. Binary class information is provided GIN-0 53:72 417 36:22 1:86
in a terminal node, so a model is required to propagate _°AT 4778 47 3358 1:86
the information across the chain by handling long-range  M-° © 535 4:16 36:04 197
o . ) Ours (S) w/o global 53:72 4:17 36:22 1:86
dependency. We used training and test sets with chains  oys (s, ) wio global ~ 50:77 5:15 3592 2:17
of length 20 and 200 respectively. As baselines, we used g (s) 100 0:00 100 0:00
3 message-passing networks, a sparse invariant MLP, Ours (S, ) 100 0:00 100 0:00
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and ablated versions of sparse second-order transformers wherefor global pooling are removed (w/o
global).

The results are in Table 2.1. We rst note that second-order transformers successfully capture
long-range dependency up to 200 nodes apart, while message-passing networks fail. Importantly, when
the subset of basis that accounts for global pooling is eliminated, the performance of transformers drops
similar to message-passing networks, showing their importance in modeling long-range interaction. Yet,
simply having global basis is not enough, as seen in the failure dfiLP . This indicates ne-grained
interaction modeling via attention is essential even in this simple task.

Large-scale graph regression

To further evaluate higher-order transformers in large-scale setting, we used PCQM4M-LSC from
Open Graph Benchmark [Hu et al., 2021], which is a graph-level regression dataset composed o814
molecular graphs. As test data is unavailable, we report the Mean Absolute Error (MAE) on validation
dataset. In addition to the baselines from the benchmark, we also report the performances of second-order
invariant MLP and a vanilla ( rst-order) transformer # for comparison.

The results are in Table 2.2. Second-order transformer out-

performs the message-passing GNNs (GCN, GIN) by a large Table 2.2: PCQM4M-LSC large-scale
graph regression results. * indicates re-

) ) sults are obtained with a shorter sched-
long-range interactions (GCN-VN, GIN-VN). It suggests that ;e (10% of the full iterations).

margin, including the ones with a virtual node that can model

higher-order attention is potentially better in handling long-range

interactions on graphs than the current practice of augmenting  Method Val. MAE #
GNNs with a virtual node. Furthermore, second-order trans-  MLP [Hu et al., 2021] 0.2044
former outperforms invariant MLP, indicating that replacing GCN [Hu et al., 2021] 0.1684
sum-pooling with attention is important for scale-up. Finally, ~ CG'N [Huetal., 2021] 0.1536
_ . GCN-VN [Hu et al., 2021] 0.1510

second-order transformer signi cantly outperforms vanilla trans-

) ) ] o GIN-VN [Hu et al., 2021] 0.1396
former with Laplacian graph embeddings. This is presumably

. . . - Transformer + LapPE* 0.2162

because node embeddings are insu cient to utilize features asso-

_ . _ MLP (S)* 0.1464
ciated with edges, while second-order transformers can naturally ¢ (S, ; smally* 0.1376
use all edge information. We also note that invariant MLP  ours (S, )* 0.1294
and vanilla transformer have worse complexity than the second- ;5 s) 0.1263

order transformer (O(m?) and O(n?), respectively), while the
second-order transformer has O(m) complexity identical to GCN.

Set-to-graph prediction

An important advantage of our framework distinguished from most existing GNNs is that, by design,
it can be applied to any learning scenario with di erent input and output orders (mixed-order). To
demonstrate this, we tested higher-order transformers in set-to-graph prediction tasks where the goal is
to predict edge structure of a graph given a set of node features. We used two datasets following the prior
work [Serviansky et al., 2020]. The rst dataset Jets originates from particle physics experiments, where
collision of high-energy particles gives a set of observed particles. The task is to partition the feature set
of observed particles according to their origin. By viewing each subset of particles as a fully-connected
graph, the problem is cast as a set-to-graph prediction. For the second dataset Delaunay, the task is to

4As vanilla transformer operates on node features only, we used Laplacian graph embeddings [Belkin and Niyogi, 2003,
Dwivedi and Bresson, 2020] as positional embeddings so that the model can consider edge structure information.
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Table 2.3: Set-to-graph results. Lower-right panel shows Delaunay (20-80) sample from ours and S2G.

Method | FL" RI™ ARI" | Method | Acc” Prec” Rec” FL"
AVR 0565 0612 0.318 SIAM 0939 0766 0.653 0.704
MLP 0533 0643 0315 SIAM-3 0911 0608 0538 0.570
SIAM 0.606 0675 0411 GNNO 0.826 0.384 0966 0.549
Jets  SIAM-3 0597 0673 0396| ... GNNS 0.809 0.363 0.985 0.530
® W 0586 0661 0381 — 0 GNNI0 0759 0311 0978 0471
S2G6 0.646 0736  0.491 S2G 0.984 0927 0926 0.926
S2G+ 0.655 0.747  0.508 S2G+ 0983 0.927 0925 0.926
ours (D) 0.667 0.746 0.520 Ours (D) | 0.994 0981 0.967 0.974
Ours (D, ) | 0.670 0.751 0.526 Ours (D, ) | 0.991 0.967 0.952 0.959
AVR 0.695 0650 0.326 SIAM 0919 0667 0764 0.687
MLP 0.686 0658 0.319 SIAM-3 0.895 0578 0622 0.587
SIAM 0.729  0.695  0.406 GNNO 0.810 0.387 0946 0.536
Jets  SIAM-3 0719 0710 0421| .. . GNNS 0.777 0352 0.975 0506
© G 0720 0689 0390 "0’ GNNIO 0.746 0322 0970 0.474
S2G 0.747 0727  0.457 S2G 0947 0736 0934 0.799
S2G+ 0.751 0.733  0.467 S2G+ 0947 0735 0934 0.798
ours (D) 0.755 0.732  0.469 Ours (D) | 0.993 0982 0.960 0.971
Ours (D, ) | 0.757 0.735 0.473 Ours (D, ) | 0.989 0.948 0.956 0.952
AVR 0970 0965 0.922
MLP 0.960 0957  0.894
SIAM 0973 0970 0925
Jets  SIAM-3 0.895 0876 0.729
L GNN 0972 0970  0.929
S2G 0972 0970 0931
S2G+ 0971 0969  0.929
Ours (D) | 0.974 0.972 0.935
Ours (D, ) | 0.974 0.972 0.935

predict Delaunay triangulation [Delaunay, 1934] given a set of points in 2D space. Two datasets are used
for this task, one containing 50 points and the other containing varying number of points2 f 20; :::; 80g.
For the baselines, we take the scores reported in Serviansky et al. [2020], which includes GNNs and
invariant MLPs (S2G, S2G+) with Lq3; and Ly, . Our model is made by substituting the linear layers
with Ency;  and Ency,  (mixed-order) respectively.

The results are outlined in Table 2.3. Mixed-order transformers, both softmax and kernel attention,
have favorable scores over all baselines. Especially, they outperform all baselines by a large margin
in Delaunay: note that GNNSs fall into trivial solution with high recall but very low precision. We
particularly note that the transformers' performance in Delaunay (20-80) is comparable to Delaunay (50),
with 0:3-0:7% drop in F1 score. Compared with S2G that exhibits 12% drop, this indicates attention
mechanism within Ency, is helpful in modeling varying number of nodes.

k-uniform hyperedge prediction

One major advantage of our framework is that it naturally extends to higher-order data (hypergraphs).
To demonstrate this, we consider higher-order extension of set-to-graph prediction task, where the goal
is predicting k-uniform hyperedges (e.g., user-location-activity) from node features. For evaluation, we
used three datasets for transductive 3-edge prediction following the prior work [Zhang et al., 2020]. The
rst dataset GPS derives from a GPS network [Zheng et al., 2010], and contains (user-location-activity)
hyperedges. The second dataset MovieLens is a social network dataset of tagging activities [Harper and
Konstan, 2016], containing (user-movie-tag) hyperedges. The third dataset Drug comes from a medicine
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Table 2.4: k-uniform hyperedge prediction results. For Hyper-SAGNN, we reproduced the scores using
the open-sourced code. For the other baselines, we take the scores reported in Zhang et al. [2020].

GPS MovieLens Drug
AUC" AUPR" AUC" AUPR" AUC" AUPR"

node2vec-mean 0.563 0.191 0.562 0.197 0.670 0.246
node2vec-min 0.570 0.185 0.539 0.186 0.684 0.258
DHNE 0.910 0.668 0.877 0.668 0.925 0.859
Hyper-SAGNN-E 0.947 0.788 0.922 0.792 0.963 0.897
Hyper-SAGNN-W 0.907 0.632 0.909 0.683 0.956 0.890
S2G+ (S) 0.943 0.726 0.918 0.737 0.963 0.898

Ours (S, ) | 0.952  0.804 | 0.923 0.771 | 0.964  0.901

network from FAERS?®, containing (user-drug-reaction) hyperedges. As baselines, we consider higher-order
invariant MLP (S2G+) and the state-of-the-art, self-attention based Hyper-SAGNN [Zhang et al., 2020].
We implemented higher-order transformer and S2G+ by substituting Enc;, and L1,  in set-to-graph
architectures to Ency;z  and Lyiz , respectively.

The results are in Table 2.4. Higher-order transformer outperforms S2G+ in all datasets, and
Hyper-SAGNN in the most cases. The results suggest that higher-order self-attention is e ective in
learning higher-order representation beyond second-order graphs. The results are encouraging especially
because we did not introduce any form of task-speci ¢ heuristics, while some of the baselines such as
Hyper-SAGNN depend on many inductive biases (static/dynamic branches, Hadamard power, etc.).

2.1.4 Discussion

We proposed a generalization of transformers to higher-orders, and applied a number of design
strategies that reduce their complexity to a feasible level. Higher-order transformers are attractive, both
in theory and application. In theoretical aspect, it inherits the theoretical completeness and expressive
power of invariant MLPs. In application aspect, it is potentially more powerful than message-passing
neural networks due to global interaction modeling, and can be extended to a variety of useful mixed-order
tasks involving sets, graphs, and hypergraphs.

At the same time, our work has some limitations that need to be addressed in future work. First,
although complexity to input size can be lowered to linear, the number of basis grows rapidly with
increasing order due toO((0:792=In(k + 1)) ¥) asymptotic formula of k-th Bell number [Berend and
Tassa, 2010], still making the model infeasible in higher orders. Improvement approaches such as nding
a compact subset of basis that retains universality [Serviansky et al., 2020] and exploiting unorderedness
[Maron et al., 2019b] are promising in this direction. Second, our work builds upon tensor-based
representation of graphs, which makes it di cult to be directly extended to hypergraphs containing edges
with varying orders (e.g., co-citation networks). This is a common challenge to all tensor-based methods
[Hartford et al., 2018, Maron et al., 2019b,a, Keriven and Peyré, 2019, Serviansky et al., 2020], and we
believe addressing this would be an important future research direction.

Swww.fda.gov/Drugs/
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2.2 Equivariant hypergraph neural networks

Reasoning about a system that involves a set of entities and their relationships requires relational
data structures. Graph represents relational data with nodes and edges, where a node corresponds to
an entity and an edge represents a relationship between a pair of nodes. Pairs are often insu cient to
represent complex relationships. For instance, geometric con gurations of entities such as angles and
areas can only be captured via higher-order relationships between three or more nodes. Hypergraph is a
general data structure that represents such relationships with hyperedges, i.e., edges associating more
than two nodes at a time [Berge and Minieka., 1981]. Thus, it is widely used to represent visual data such
as scenes [Gao et al., 2012, Kim et al., 2020a], feature correspondence [Wang et al., 2021, Belongie et al.,
2002, Ray, 2005, Lowe, 1999] and polygonal mesh [Botsch et al., 2008, Milano et al., 2020, Yavartanoo
et al., 2021], as well as general relational data such as social and networks [Tan et al., 2011, Li et al.,
2013, Bu et al., 2010], biological networks [Gu et al., 2017, Klimm et al., 2021], linguistic structures [Ding
et al., 2020] and combinatorial optimization problems [Kalai, 1997].

To learn deep representation of hypergraphs, recent works developed specialized hypergraph neural
networks by generalizing message-passing GNNs [Feng et al., 2019, Bai et al., 2021, Dong et al., 2020,
Huang and Yang, 2021, Arya et al., 2020, Chien et al., 2022]. In these networks, node and (hyper)edge
features are updated recurrently by aggregating features of neighbors according to the connectivity in
the input. Despite such simplicity, message passing has limitations. Notably, their local and recurrent
characteristics prevent them from handling dependencies between any nodes with a distance larger than
the propagation steps. This is known to be related to oversmoothing which hinders the use of deep
networks [Li et al., 2018, Cai and Wang, 2020, Oono and Suzuki, 2020, Huang and Yang, 2021].

A more general and potentially powerful approach is to nd all possible permutation-equivariant linear
operations on the input (hyper)graph and use them to form linear layers of equivariant GNNs [Maron et al.,
2019b]. While message passing is a speci c, locally restricted case of equivariant operation, the maximal
set extends further to various global interactions over possibly disconnected nodes and (hyper)edges [Kim
et al., 2021a]. This naturally extends to higher-order layers that can handle hypergraphs in principle and
even mixed-order layers where input and output are of di erent orders (e.g., graph in, hypergraph out).
Yet, the actual usage of equivariant GNNs has been mainly limited to sets and graphs [Zaheer et al., 2017,
Maron et al., 2019b, Serviansky et al., 2020, Kim et al., 2021a], and have not been realized for general
hypergraph learning. This is due to the prohibitive parameter counts of higher-order layers and a bound
in the input and output hyperedge orders that comes from xed-order tensor representation.

We propose equivariant hypergraph neural network (EHNN) as the rst attempt to realize equivariant
GNNs for hypergraphs. We establish a connection between sparse, general hypergraphs and dense, xed-
order tensors, from which we derive the maximally expressive equivariant linear layers for undirected
hypergraphs. Then we impose an intra-layer parameter sharing via hypernetworks [Ha et al., 2017], which
retains expressiveness, bounds the parameter count, and allows processing hyperedges of arbitrary and
possibly unseen orders. The resulting layer (EHNN-MLP) turns out to be a simple augmentation of an
MLP-based message passing with hyperedge order embedding and global pooling, allowing an e cient
implementation. We further develop a transformer counterpart (EHNN-transformer) by introducing
self-attention to achieve a higher expressivity with the same asymptotic cost. In a challenging synthetic
k-edge identi cation task, we show that EHNN performs ne-grained global reasoning to perfectly solve
the task, and generalizes towards unseen hyperedge orders. We demonstrate state-of-the-art results in
several hypergraph learning tasks, including semi-supervised classi cation and visual keypoint matching.
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2.2.1 Preliminary

We introduce some preliminary of permutation equivariant learning [Maron et al., 2019b, Serviansky
et al., 2020, Kim et al., 2021a]. We rst describe higher-order tensors and then maximally expressive
permutation equivariant linear layers that compose equivariant GNNs [Maron et al., 2019b].

We denote a set ada; ::;; bg, a tuple as (@;:::;;b), and [n] = f1;:::;ng. We denote the space of ordek
tensors with d features asR™ 9 . For A 2 R" ¢ | we use a multi-index i = (i1;:::;ix) 2 [n]¥ to index an
element Aj = A ....i, 2 RY. Let S, be all permutations of [n]. A node permutation 2 S , acts on a

.....

multi-index i by (i)=((@ 1);::5 (i k) andonatensor Aby ( A) i =A 1 .

Higher-order tensors Prior work on equivariant learning regard hypergraph data as G = (V;A), with

V a set ofn nodes and A2 R" ¢ a tensor encoding hyperedge features. The ordde of the tensor A
indicates the type of hypergraph. First-order tensor encodes a set of features (e.g., point cloud) where; A
is the feature of nodei. Second-order tensor encodes pairwise edge features (e.g., adjacency) whege;A

is the feature of edge (1;i2). Generally, an orderk tensor encodes hyperedge features (e.g., mesh normal)
where A, ....;, is the feature of hyperedge (1; :::;;ix). We begin our discussion from the tensors, but will

.....

arrive at the familiar notion of hypergraphs with any-order undirected hyperedges.

Permutation invariance and equivariance In (hyper)graph learning, we are interested in building

a function f that takes a (higher-order) tensor A as input and outputs some value. Since the tensor
representation of a graph changes dramatically with the permutation of node numbering, the functionf
should be invariant or equivariant under node permutations. Formally, if the output is a single vector, f
is required to be invariant, always satisfyingf ( A) = f (A); if the output is a tensor, f is required to be
equivariant, always satisfyingf ( A)= f (A). As a neural network f is often built as a stack of linear
layers and non-linearities, its construction reduces to nding invariant and equivariant linear layers.

Invariant and equivariant linear layers Many (hyper)graph neural networks rely on message passing
[Gilmer et al., 2017, Feng et al., 2019], which is a restricted equivariant operator. Alternatively, maximally
expressive linear layers for higher-order tensors have been characterized by Maron et al. [2019b]. Speci cally,
invariant linear layers Lyo :R"™ 9 I'R 9 and equivariant linear layersLy, :R"™d IR " d° were
identi ed. Given an order-k input A 2 R" 9 | the order- output of an equivariant linear layer Ly, is
written as follows, with indicator 1 and multi-indices i 2 [n] ¥;j 2 [n]':

X X X
Lki (A)j = Lipe Aiw + 1p b (2.15)

wherew 2 R9¢° b 2 RY are weight and bias parameters, and and are equivalence classes of
order-(k +1) and order-l multi-indices, respectively.

The equivalence classes can be interpreted as a partitioning of a multi-index space: the ordek-¢ 1)
equivalence classes species a partitioning of [n]<"' , and orderd equivalence classes species a
partitioning of [ n]'. The number of the equivalence classes (the size of partitioning) depends only on
ordersk and |. With b(k) the k-th Bell number, there are b(k + 1) equivalence classes for the weight
and b(l) equivalence classes for the bias. For the rst-order layer Lq; , there are b(2) = 2 equivalence
classes 1, » for the weight, specifying the partitioning of [n]? asf 1; »gwhere ;= f(i;j)ji = jg and

2 = f(i;})ji 6= jg. More details can be found in Maron et al. [2019b], Kim et al. [2021a].
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Related work

Equivariant GNNs Based on the maximally expressive equivariant linear layers (Equation (2.15)),

a bouquet of permutation invariant or equivariant neural networks was formulated. A representative
example is equivariant GNN [Maron et al., 2019b] (also callek-IGN [Maron et al., 2019a, Chen et al.,
2020h]), built by stacking the equivariant linear layers and non-linearity. Their theoretical expressive power
has been extensively studied [Zaheer et al., 2017, Keriven and Peyré, 2019, Maron et al., 2019a,c, Chen
et al., 2020b], leading to successful variants in set and graph learning [Maron et al., 2020, Serviansky et al.,
2020, Kim et al., 2021a]. In particular, practical variants such as higher-order transformer [Kim et al.,
2021a] uni ed the equivariant GNNs and the transformer architecture [Vaswani et al., 2017, Lee et al.,
2019], surpassing the performance of message-passing GNNs in large-scale molecular graph regression.

Challenges in hypergraph learning Despite the potential advantages, equivariant GNNs were rarely
considered for hypergraph learning outside Albooyeh et al. [2019] and not implemented except for the
restricted k-uniform hyperedge prediction [Serviansky et al., 2020, Kim et al., 2021a]. We nd two
challenges. First, despite the recent tricks to reduce computational cost [Kim et al., 2021a], the parameter
count still grows rapidly to Bell number of input order [Berend and Tassa, 2010]. This makes any
Lwr  with k+ | > 4 challenging to use, ak + | =5 already leads to 52 weight matrices. Second, in
inductive learning [Hamilton et al., 2017, Zhang et al., 2018a] where a model is tested on unseen nodes or
hypergraphs, the model can be required to process unseen-order hyperedges that surpass the maximal
order in the training data. This is not straightforward for equivariant GNNs, because the xed-order
tensors that underlie Ly, require pre-specifying the max hyperedge order (k; 1) that can be processed.

2.2.2 Method

We now proceed to our framework on practical equivariant GNNs for general hypergraph data.
All missing proofs can be found in Appendix A.2.1. In practical setups that assume undirected hyper-
graphs [Feng et al., 2019, Yadati et al., 2019, Arya et al., 2020, Dong et al., 2020, Bai et al., 2021, Chien
et al., 2022], a hypergraphG = (V; E; X) is de ned by a set of n nodesV, a set of m hyperedgesE, and
features X 2 R™¢ of the hyperedges. Each hyperedge 2 E is a subset of node seV¥, and its order
jej indicates its type. For example, a rst-order edgefig represents ani-th node; a second-order edge
fi;jg represents a pairwise link ofi-th and j -th nodes; in general, an orderk edgefi 1;:::;ixQ represents a
hyperedge that links k nodes. By X. 2 RY we denote the feature attached to a hyperedge. We assume
that node and hyperedge features are bothd-dimensional [Maron et al., 2019b,a, Kim et al., 2021a, Chen
et al., 2020b]; to handle di erent dimensionalities, we simply letd = (d, + de) and place node features at
rst d , channels and hyperedge features at lastdchannels.

Note that the hypergraphs (V; E; X) do not directly align with the higher-order tensors A 2 Rn“d
described in Section 2.2.1. Unlike them, hypergraphs of our interest are sparse, their hyperedges are
undirected, and each hyperedge contains unique node indices. As equivariant GNNs (Section 2.2.1) build
upon tensors, it is necessary to establish a connection between the hypergraphs and the tensors.

A hypergraph is a sequence of tensors

To describe hypergraphs ¥; E; X) using higher-order tensors A 2 Rn“d , it is convenient to introduce
k-uniform hypergraphs. A hypergraph isk-uniform if all of its hyperedges are exactly of orderk. For
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Figure 2.4: A hypergraph as a sequence &-uniform hypergraphs (De nition 1), or equivalently, as a
sequence of symmetric tensors (De nition 3). Note that nodes are handled as rst-order hyperedges.

example, a graph without self-loops is 2-uniform, and a triangle mesh is 3-uniform. From that, we can
de ne equivalent representation of a hypergraph as a sequence of k-uniform hypergraphs:

De nition 1. The sequence representation of a hypergraph (V;E; X) with maximum hyperedge orderK
is a sequence ok-uniform hypergraphs withk K , written as (V;E® ;X ® )« = (V;EK ;XK Y,
where E® as the set of all order-k hyperedges in E and % as a row stack of features fXsje 2 E® g.

As the collection (E® ),k forms a partition of E, we can retrieve the original hypergraph /; E; X)
from its sequence representation \(;E® ; X ® ), by using the union of E® )« for E and the
concatenation of (X® )k for X.

The concept of uniform hypergraph is convenient as we can draw an equivalent representation as a
symmetric tensor [Chien et al., 2022, Ko dis and Regalia, 2002]. An ordek tensor A is symmetric if its
entries are invariant under re-ordering of indices, e.g., 4 =A i, Ajx =A . = i, and so on. From
that, we de ne the equivalent representation of ak-uniform hypergraph as an orderk symmetric tensof®:

De nition 2. The tensor representation of k-uniform hypergraph (V;E® ; X ®) ) is an order-k symmetric
tensor A 2 R" 9 de ned as follows:
XO ife=fi ;g2 EW

(k) = :
AR = ' 240
(255 k) 0 otherwise &1

From A ® | we can retrieve the original k-uniform hypergraph (V;E® ;X &) py identifying the
indices of all nonzero entries of AY to construct E® |, and then using E® to index A® to obtain X ® .

Now, directly combining De nitions 1 and 2, we de ne the equivalent representation of a hypergraph
as a sequence of higher-order tensors:

De nition 3. The tensor sequence representation of a hypergraph (V; E; X) with maximum hyperedge
order K is a sequence of symmetric higher-order tensors (® )k = A (K where each AY is the

8Higher-order tensors can in principle represent directed hypergraphs as well; we constrain them to be symmetric to
speci cally represent undirected hypergraphs.
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Figure 2.5: lllustration of an equivariant linear layer Ly as in Equation (2.17). The layer uses
di erent weights w, for di erent overlaps | between input and output hyperedges. This gives rise to local
interactions similar to message passing (I 1) and global interactions (I = 0) as global sum-pooling.

tensor representation (De nition 2) of each k-uniform hypergraph (V;E® : X ®) that comes from the
sequence representation of the hypergraph (V& ;X ® ) = (V;E ) : XK ) (De nition 1).

An illustration is in Figure 2.4. Note that we can include node features as AY . Now, our problem
of interest reduces to identifying a function f that operates on sequences of tensors &) that represent
hypergraphs. Invariance and equivariance (Section 2.2.1) applies similarly. A node permutation2 S
acts on a tensor sequence &9 by jointly acting on each tensor, A =(  A®) . Aninvariant f
always satisesf( A(K) )= f (A ) and an equivariant f always satisesf( A )= f (AK)),

Equivariant linear layers for hypergraphs

In De nition 3, we represented a hypergraph as a sequence of symmetric tensors (&)« , each
A ® representing ak-uniform hypergraph. We now use equivariant linear layersLy, :R"™ 9 IR n'd°
in Equation (2.15) to formalize linear layers that input and output hypergraphs. The idea is to combine
all pairwise linear maps between tensors (i.e.k-uniform hypergraphs) of input and output sequences.
Although simple, we prove that this gives the maximally expressive equivariant linear layer for hypergraphs.

Linear layers for  k-uniform hypergraphs In Section 2.2.1, we argued that the equivariant linear
layer Ly cannot be practically used due to the prohibitive number ofb(k + |) weights and b(l) biases.
Yet, when the input and output tensors are restricted to k- and I-uniform hypergraphs respectively, we
can show that the layer reduces to O(k + I) weights and a single bias:

Proposition 4. Assume that the input and output of equivariant linear layer Ly, (Equation (2.15)) are
constrained to symmetric tensors that represenk- and I-uniform hypergraphs respectively (Equation (2.16)).
Then it reduces to Ly  below:

0 1
mi%k;l) X ) X )
L(k)1(|) (A (k) )j =1 jii=! @ 1ji\jj:| Ai( ) w, + Ai( ) Wo + b|A ) (2.17)
1=1 i i
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wherewo;w; 2 R9¢ ° b 2 RY are weight and bias,jij is number of distinct elements in i, andji \ jj is
number of distinct intersecting elements in i and j.

The idea for the proof is that, if the input and output are constrained to tensors that represent
uniform hypergraphs (Equation (2.16)), a large number of parameters are tied to adhere to the symmetry.
This leads to much fewer parameters compared to the original layek y, . Still, Ly  (Equation (2.17))
is a maximally expressive linear layer as it produces identical outputs to (unreduced) Ly

Notably, Equation (2.17) reveals that maximal expressiveness comprises sophisticated local message
passing augmented with global interaction. In the rst term of Equation (2.17), the constraint 1jy-o
speci es local dependency between incident input and output hyperedges having at least one overlapping
node. This local interaction is more ne-grained than conventional message passing, as it uses separate
weights w; for di erent numbers of overlapping nodes| (Figure 2.5). This is reminiscent of recent work
in subgraph message passing [Bevilacqua et al., 2022a] that improves expressivity of GNNs. On top of
that, the layer contains intrinsic global interaction via pooling in the second term of Equation (2.17),
which reminds of the virtual node or global attention [Li et al., 2017, Ishiguro et al., 2019, Knyazev et al.,
2019, Louis et al., 2020, Wu et al., 2021a] that improves expressive power [Puny et al., 2020].

Linear layers for hypergraphs We now construct maximally expressive equivariant linear layers for
undirected hypergraphs. As in De nition 3, a hypergraph can be represented as a sequence of tensors
(A®)k =A K Thus, we construct the linear layer Lky) to input and output those tensor

sequences while being equivariant (kyey ( AM )= L gy (AK). For this, we simply use
all pairwise linear layers Ly  (Equation (2.17)) between tensors of input and output sequences:
0 1
(:K) X (k)
Lagpey (A= @ Ly AKHA (2.18)
k K

IL

For better interpretation, we plug Equation (2.17) into Equation (2.18) and rewrite it with respect to
j-th entry of I-th (order-l) output tensor:

X MK x i} X X
Leeny (AT )5 = 1y Ligm AT Wiy + 1 A wo + 1 b
KK 1=1 KK i
(2.19)

Note that we added subscripts k;1) to wp, w; to di erentiate between weights from each sublayer
Lwa as they are involved in di erent computations. On the other hand, the biases from sublayers
(Layay Jkk carry out precisely the same computation, and can be merged to a single bids. As a
result, Lkycy — contains |, (1 + min(k;1)) weights and L biases, achieving better scalability
than the original L ;. that has exponentially many weights and biases.

Similar to sublayersL iy (Equation (2.17)), we see that the combined layer for general hypergraphs
Lekyey  (Equation (2.19)) is a mixture of ne-grained local message passing and global interaction. The
local interactions utilize di erent weights wy..; for each triplet (k;I;1 ) that speci es dependency between
order-k input and order-I output hyperedges with | overlapping nodes. Similarly, global interactions
(pooling) utilize di erent weights w0 for each pair (k;!), specifying global dependency between all
order-k input and order-I output hyperedges. Finally, di erent biases b are assigned for each output
hyperedge order I. Importantly, we can show the following:
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Theorem 3. L ke (Equation (2.18)) is the maximally expressive equivariant linear layer for
undirected hypergraphs represented as tensor sequences.

Similar as in Proposition 4, the idea for the proof is to appropriately constrain the input and output
of the maximally expressive equivariant linear layerLx, , and observe that most of its parameters are
tied and reduced, leading toL oy . Still, the layer retains the maximal expressiveness of the original
layer Lk, as it produces the identical output.

Equivariant hypergraph neural networks

We have introduced equivariant linear layers for general undirected hypergraphd.  xy.) by
composing order-speci ¢ sublayerd_ g fork K ,| L and proved their maximal expressiveness.
However, these layers are still unsuitable to be used in practice because they cannot input or output
hypergraphs with orders exceeding ;L ), and the number of weights and biases grows at least linearly
to (K;L) that can reach several hundred in practice. To resolve the problems jointly, we propose
Equivariant Hypergraph Neural Network (EHNN) that introduces intrinsic trainable parameter sharing
via hypernetworks [Ha et al., 2017]. More speci cally, we impose parameter sharing withit. ..y
and across all sublayers ko, Vvia two hypernetworks, each for weights and biase’s

As a result, an EHNN layer is de ned as follows, with hypernetworksW : N3 IR 94 ° B:NIR ¢°
inferring all weights wy.; and biasesh (Equation (2.19)) from the subscripts (k;I;1 ) and (I) respectively:

X mi%k;l) X
EHNN(A @) ) =1 L AWK D)
k K 1=1 i
XX 0w .
+1 jii=l Ai W(k, l; 0) +1 jii=! B(') (220)
kK i

In principle, this preserves maximal expressiveness df xy.y whenW and B are parameterized as
MLPs, as by universal approximation they can learn any lookup table that maps subscripts to weights and
biases [Hornik et al., 1989]. Furthermore, as hypernetworks W and B can produce weights for arbitrary
hyperedge orders k; I;1 ), we can remove the bound in hyperedge orders from the speci cation of the layer
and use a single EHNN layer with bounded parameters to any hypergraphs with unbounded or unseen
hyperedge orders. Conclusively, EHNN layer is by far the rst attempt that is maximally expressive (i.e.,
is able to modelL cxy.y (Theorem 3) and thus exhausts the full space of equivariant linear layers on
undirected hypergraphs) while being able to process arbitrary-order hypergraphs by construction.

Practical realizations

The EHNN layer in Equation (2.20) is conceptually elegant, but in practice it can be costly as we
need to explicitly hold all output matrices of the hypernetwork W (k;l;1 ) 2 Rd9d ®in memory. This
motivates us to seek for simpler realizations of EHNN that can be implemented e ciently while retaining
the maximal expressiveness. To this end, we propose EHNN-MLP that utilizes three consecutive MLPs
to approximate the role of the weight hypernetwork, and also propose its extension EHNN-transformer
with self-attention. Then, we nish the section by providing a comparative analysis of EHNN-MLP and
EHNN-transformer with respect to the existing message-passing hypergraph neural networks.

"Note that we do not share the hypernetworks across di erent levels of layers.
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Realization with MLP We rst introduce EHNN-MLP, a simple realization of EHNN with three
elementwise MLPs 1.3 where each , : N R db IR % takes a positive integer as an auxiliary input. The
intuition here is to decompose the weight application with hypernetwork W (k; I;1 ) into three consecutive
MLPs 1(k; ), 2(l; ),and 3(l; ), eliminating the need to explicitly store the inferred weights for each
triplet W(k; I;1). We characterize EHNN-MLP as follows:

0 0 11
X X X
EHNN-MLP(A (), = ,@;  ,@; By 106AY)AA +B();
10 k K i
( 1 ifl 1
where Bj; = "\”_1' ?f oo (2.21)
| =

where we omit the output constraint 1;;-; for brevity, and introduce a binary scalar Bi';j to write local
(I 1) and global (I = 0) interactions together.
Now we show that an EHNN-MLP layer can realize any EHNN layer:

Theorem 4. An EHNN-MLP layer (Equation (2.21)) can approximate any EHNN layer (Equation (2.20))
to an arbitrary precision.

The proof is done by leveraging the universal approximation property [Hornik et al., 1989] to model
appropriate functions with the MLPs 3.3, so that the output of EHNN-MLP (Equation (2.21)) accurately
approximates the output of EHNN (Equation (2.20)). As a result, with EHNN-MLP, we now have
a practical model that can approximate the maximally expressive linear layer for general undirected
hypergraphs.

In our implementation of the MLPs 1.3, we rst transform the input order ( k, | or | ) into a continuous
vector called order embedding, and combine it with the input feature through concatenation. This way,
the order embeddings are served similarly as the positional encoding used in transformer [Vaswani et al.,
2017] with a subtle di erence that it indicates the order of the input or output hyperedges. We employ
sinusoidal encoding [Vaswani et al., 2017] to obtain order embedding due to its e ciency and, more
importantly, to aid extrapolation to unseen hyperedge orders in testing.

Realization as a transformer While EHNN-MLP (Equation (2.21)) theoretically inherits the high
expressive power of EHNN, in practice, its static sum-pooling can be limited in accounting for relative
importance of input hyperedges. A solution for this is to introduce more sophisticated pooling. In
particular, the attention mechanism of transformers [Vaswani et al., 2017] was shown to o er a large
performance gain in set and (hyper)graph modeling [Lee et al., 2019, Kim et al., 2021a, Chien et al.,

2022] via dynamic weighting of input elements. Thus, we extend EHNN-MLP with multihead attention
h;l

coecients ;' and introduce EHNN-transformer, an advanced realization of EHNN:

EHNN-transformer(A (K) ) = AttnO(A (K) )BMLP(Attn(A ) y); o
X XX X _

where Attn(A ¢ )y = 5 @, 2 @; mkA “ywy AA (2.22)
10 h=1 kK

where we omit the output constraint 1j- and bias B(l) for brevity. H denotes the number of heads and
wY 2 R4d v denotes the value weight matrix. To compute attention coe cients :JF' from the input,

we introduce additional query and key (hyper)networksQ :N!R Hd v and K :N R ¢!R Hd » and
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characterize scaled dot-product attention [Vaswani et al., 2017] as follows:

8
g S p— .
b E Q() nK I; l(k;Ai(k)) . = dy 1ji\jj:I ifl 1
o= > ; (2.23)
T3 QoK I a(AY) thﬁ if 1 =0

where () denotes activation, often chosen as softmax normalization. Note that the queryQ(l) is
agnostic to output index j, following prior works on set and (hyper)graph attention [Lee et al., 2019, Chien
et al., 2022]. Although this choice of attention mechanism has a drawback that assigning importance to
input (i) depending on output (j) is not straightforward, we choose it in favor of scalability.

Analysis

We nish the section by providing a comparative analysis of EHNNs with respect to the existing
message passing networks for hypergraphs. We speci cally compare against AllSet [Chien et al., 2022], as
it represents a highly general framework that subsumes most existing hypergraph neural networks. Their
MLP-based characterization AllDeepSets can be written with two MLPs ; and , as follows:

0 1

X X
AIIDeepSetS(A(K) )|;j =1 il 2 @ 1J|\J] 1 1(A l(k) )A . (224)
k K i

We show the below by reducing EHNN-MLP to AllDeepSets through ablation:

Theorem 5. An AllDeepSets layer (Equation (2.24)) is a special case of EHNN-MLP layer (Equa-
tion (2.21)), while the opposite is not true.

Theorem 5 leads to the following corollary:

Corollary 2. An EHNN-MLP layer is more expressive than an AllDeepSets layer and also all hypergraph
neural networks that AllDeepSets subsumes.

In the proof of Theorem 5, we leverage a simple property that message passing of AllDeepSets cannot
account for long-range dependency modeling of EHNN. Then a natural question is: if we rule out the
presence of global interaction, can the local message passing of EHNN be potentially better than that
of current message-passing networks? Our analysis suggests so. More speci cally, in practical scenarios
when local message aggregation cannot be multiset universal, the explicit hyperedge order conditioning of
EHNN can help. To demonstrate this, we bring a powerful, transformer-based characterization of AllSet
framework called AllSetTransformer:

AllsetTransformer(A ) = AllsetAttn(A (") ) + MLP(AlISetAttn(A 9 ));

. XXX "
where AllSetAttn(A € );; =1 noaAT); (2.25)
h=1 kK i

with H the number of heads, and attention coe cients ,hj computed with a query matrix Q 2 RHd + |
a key network K : R4 1R Hd w and activation ():

oo p—
h = QnK Ai() h: dy L=
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Table 2.5: Results for synthetick-edge identi cation. We show averaged best test accuracy (%) over 5
runs with standard deviation.

Test involves only seen k Test involves unseen k
Interpolation Extrapolation
AllDeepSets 76.99 + 0.98 79.6 + 0.86 79.01 + 2.82
AllSetTransformer 77.61 + 2.27 78.61 + 2.367 77.35 + 1.89
EHNN-MLP 98.02 + 0.73 90.70 + 2.90 85.65 + 2.89
EHNN-transformer 99.69 £ 0.31 92.31 £ 1.47 90.19 £ 551

An interesting fact is that when we take the activation for attention () as any kinds of normalization
including softmax, attention mechanism of AllSetTransformer can fail to model simple multiset functions.
A simple example is that they cannot count the number of input hyperedges that overlap with each output
hyperedge. As a simple demonstration, if input hypergraph is a node set & 2 R"¢ with identical
features Ai(l) = 1, an AllSetTransformer layer that outputs features of hyperedgesE cannot learn node
counting i.e., for output Y, Y . = jej for e 2 E. This is because, as attention normalizes over keys, all
outputs of AllSetAttn (Equation (2.25)) is always H 1(1). On the other hand, the hyperedge order-aware
message passing of EHNN-transformer (Equation (2.22)) can easily solve the problem by forwarding I.

We nish with stronger expressiveness of EHNN-transformer compared to AllSetTransformer:

Theorem 6. An AllSetTransformer layer (Equation (2.25)) is a special case of EHNN-transformer layer
(Equation (2.22)), while the opposite is not true.

2.2.3 Experiments

We test EHNN on a range of inductive and transductive hypergraph learning problems, including
synthetic node classi cation problem, real-world semi-supervised classi cation, and visual keypoint
matching. For the real-world tasks, we use 10 semi-supervised classi cation datasets used in Chien et al.
[2022] and two visual keypoint matching datasets used in Wang et al. [2021].

Synthetic k-edge identi cation

We devise a simple but challenging synthetic node classi cation task termed-edge identi cation to
demonstrate how the expressive power of EHNN can help learn complex hypergraph functions. In an input
hypergraph, we pick a random hyperedge and mark its nodes with a binary label. The task is to identify
all other nodes whose hyperedge order is as same as the marked one. The model is required to propagate
the information of marked hyperedge globally while also reasoning about the ne-grained structure of
individual hyperedges for comparison. We use 100 train and 20 test hypergraphs, each with 100 nodes
and randomly wired 10 hyperedges of order? f 2; :::; 10g. To test generalization to unseen orders, we add
two train sets where hyperedges are sampled excluding ordef$; 6; 7g (interpolation) or orders f8;9; 10g
(extrapolation). We evaluate EHNN-MLP/-transformer with AllDeepSets/AllSetTransformer [Chien
et al., 2022] as message-passing baselines.

The test performances are in Table 2.5. EHNN achieves signi cant improvement over message
passing, producing almost perfect predictions. The result advocates that even for simple tasks there
are cases where the high expressive power of a network is essential. Furthermore, we observe evidence
that the model can interpolate or even extrapolate to unseen hyperedge orders. This supports the use of
hypernetworks to infer parameters for potentially unseen orders.
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Table 2.6: Results for semi-supervised node classi cation. Average accuracy (%) over 20 runs are shown.
Gray shade indicate the best result, and blue shade indicate results within one standard deviation of the
best. Baseline scores are taken from Chien et al. [2022].

Zoo 20Newsgroups mushroom NTU2012 ModelNet40  Yelp  House(l) Walmart(l) House(0.6) Walmart(0.6) avg. rank (#)

MLP 87.18 81.42 100.00 85.52 96.14 31.96 67.93 4551 81.53 63.28 6.4
CEGCN 51.54 OooM 95.27 81.52 89.92 OooM 62.80 54.44 64.36 59.78 115
CEGAT 47.88 OOM 96.60 82.21 92.52 OOM 69.09 51.14 77.25 59.47 10.5
HNHN 93.59 81.35 100.00 89.11 97.84 31.65 67.80 47.18 78.78 65.80 5.9
HGNN 92.50 80.33 98.73 87.72 95.44 33.04 61.39 62.00 66.16 77.72 7.8
HCHA 93.65 80.33 98.70 87.48 94.48 30.99 61.36 62.45 67.91 77.12 8.1

HyperGCN N/A 81.05 47.90 56.36 75.89 29.42 48.31 44.74 78.22 55.31 12.4
UniGCNII 93.65 81.12 99.96 89.30 98.07 31.70 67.25 54.45 80.65 72.08 5.8
HAN (full batch) 85.19 OOM 90.86 83.58 94.04 OOM 71.05 OOM 83.27 OOM 9.9
HAN (minibatch) ~ 75.77 79.72 93.45 80.77 91.52 26.05 62.00 48.57 82.04 63.1 10.6
AllDeepSets G5y 81.06 99.99 88.09 96.98 30.36 67.82 64.55 80.70 78.46 5.4
AllSetTransformer | 97.50 81.38 100.00 88.69 98.20 36.89 69.33 65.46 83.14 78.46 24
EHNN-MLP 91.15 81.31 99.99 87.35 97.74 35.80 67.41 65.65 82.29 78.80 5.0
EHNN-transformer ~ 93.27 81.42 100.00 89.60 98.28 36.48 71.53 68.73 85.09 80.05 1.6

Table 2.7: Visual keypoint matching accuracy (%) on Willow test set.

car duck face motor  wine \ avg.

GMN 38.85 38.75 78.85 28.08 45.00| 45.90
NGM 7750 85.87 99.81 77.50 89.71| 86.08
NHGM 69.13  83.08 99.81 73.37 88.65| 82.81
NMGM 74.95 81.33 99.83 78.26  92.06| 85.29
IPCA-GM 79.58 80.20 99.70 73.37 83.75| 83.32
CIE-H 9.37 8.87 9.88 11.84 9.84 | 9.96
BBGM 96.15 90.96 100.00 96.54 99.23 | 96.58
GANN-MGM 92.11 90.11 100.00 96.21 98.26 95.34
NGM-v2 94.81 89.04 100.00 96.54 95.87 | 95.25
NHGM-v2 89.33 83.17 100.00 92.60 95.96 | 92.21
EHNN-MLP 94.71 91.92 100.00 97.21 97.79 | 96.33
EHNN-transformer  97.02 92.69 100.00 97.60 98.08 | 97.08

Semi-supervised classi cation

To test EHNN in real-world hypergraph learning, we use 10 transductive semi-supervised node
classi cation datasets [Chien et al., 2022]. The data is randomly split into 50% training, 25% validation,
and 25% test. We run the experiment 20 times with random splits and initialization and report aggregated
performance.

The results are in Table 2.6. Our methods often achieve favorable scores over strong baselines,
e.g., AllDeepSets/AllSetTransformer, improving the state-of-the-art by 3:27% in Walmart (1), 1:82% in
House (0.6), and 154% in Walmart (0.6). Notably, EHNN-transformer holds the best in most cases. This
supports the notion that attention strengthens equivariant networks [Kim et al., 2021a, Lee et al., 2019],
and also implies that the high expressivity of EHNN makes it strong in general hypergraph learning
setups involving not only social networks but also vision and graphics (NTU2012 and ModelNet40).

Visual keypoint matching

To test EHNN in computer vision problems represented as hypergraph learning, we tackle visual
keypoint matching. The task is considered challenging due to the discrepancy between the two images in
terms of viewpoint, scale, and lighting. Following previous work [Wang et al., 2021], we view the problem
as hypergraph matching, where keypoints of each image form a hypergraph. This is considered helpful
as the hyperedge features can capture rotation- and scale-invariant geometric features such as angles.
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Table 2.8: Visual keypoint matching accuracy (%) on PASCAL-VOC test set.

aero bike bird boat botl bus car cat chair cow desk
GMN 40.67 57.62 58.19 51.38 77.55 72.48 66.90 65.04  40.43 61.56 65.17
PCA-GM 5146 6243 6470 5856 8194 7518 69.56 71.05 4453 65.81 39.00
NGM 12.09 10.01 17.44 21.73 12.03 21.40 20.16 14.26 15.10 12.07 14.50
NHGM 12.09 10.01 17.44 21.73 12.03 21.40 20.16 14.26 15.10 12.07 14.50
IPCA-GM 50.78 62.29 63.87 58.94 79.46 74.18 72.60 7152  41.42 64.12 36.67
CIE-H 52.26 66.79 69.09 59.76 83.38 74.61 69.93 71.04  43.36 69.20 76.00
BBGM 60.06 7132 7821 7897 88.63 9557 89.52 80.53 59.34 77.80 76.00
GANN-MGM 1475 3220 2131 2443 6723 3635 21.09 1720 2573 21.00 37.50
NGM-v2 42.88 61.70 63.63 75.62 84.66 90.58 75.34 72.26  44.42 66.67 74.50
NHGM-v2 57.04 71.88 76.06 79.96 89.79 93.70 86.16 80.76 56.36 76.70 74.33
EHNN-MLP 57.34 7389 76.41 78.41 89.40 9451 8558 79.83 56.39 76.56 91.00
EHNN-transformer ~ 60.04 72.36 78.25 7859 87.61 93.77 87.99 80.78 58.76 76.29 81.17
dog horse mbk prsn plant  sheep sofa train tv avg.
GMN 61.56 62.18 5896 37.80 78.39 66.89 39.74 79.84 90.9 61.66
PCA-GM 67.82 65.18 65.71 46.21 83.81 7051 49.88 80.87 93.0 65.36
NGM 12.83 12.05 15.69 09.76 21.00 17.10 15.12 31.11 24.8 16.52
NHGM 12.83 12.05 15.67 09.76 21.00 17.10 14.66 31.11 24.8 16.49
IPCA-GM 69.11 66.05 65.88 46.97 83.09 68.97 5183 79.17 92.2 64.96
CIE-H 69.68 71.18 66.14  46.76 87.22 71.08 59.16 82.84 92.6 69.10
BBGM 80.39 77.80 76.48 65.99 9852 78.07 76.65 97.61 94.36 80.09
GANN-MGM 16.16 20.16 25.92 19.20 53.76 18.34 26.16 46.30 72.3 30.85
NGM-v2 67.83 68.92 6886 4740 96.69 70.57 70.01 95.13 924 71.51
NHGM-v2 76.75 7745 76.81 58.56 98.21 75.34 76.42 98.10 94.80 78.76

EHNN-MLP 76.57 7865 7554 5892 9831 76.53 8114 98.08 95.01 79.90
EHNN-transformer  78.30 76.91 75.79 63.78 97.60 76.47 78.04 9853 93.83 79.74

We then cast hypergraph matching to binary node classi cation on a single association hypergraph as in
previous work [Wang et al., 2021].

We use two standard datasets [Wang et al., 2021]: Willow ObjectClass [Cho et al., 2013] and
PASCAL-VOC [Everingham et al., 2010, Bourdev and Malik, 2009]. The Willow dataset consists of
256 images with 5 object categories. The PASCAL-VOC dataset contains 11,530 images with 20 object
categories and is considered challenging due to the large variance in illumination and pose. We follow the
training setup of NHGM-v2 [Wang et al., 2021] and only replace the hypergraph neural network module
with EHNN-MLP/-transformer. The key di erence between NHGM-v2 and our models is that NHGM-v2
utilizes two separate message passing networks, one on 2-edges and another on 3-edges, and aggregates
node features as a weighted sum. In contrast, EHNN mixes the information from 2-edges and 3-edges
extensively via shared MLP hypernetworks and global interactions.

The results are in Tables 2.7 and 2.8. On Willow, EHNN-transformer gives the best performance,
improving over NHGM-v2 by 4:87%. On PASCAL-VOC, EHNNs improve over NHGM-v2 by 1% and
are competitive to the best (BBGM; 0:19% gap) that relies on a sophisticated combinatorial solver [Rolinek
et al., 2020]. We conjecture that intrinsic and global mixing of 2-edge (distance) and 3-edge (angle)
features improves hypergraph learning, and consequently bene ts keypoint matching.

Ablation study

To identify the source of performance improvements, we perform an ablation study ork-edge
identi cation. We gradually ablate each component of EHNN-MLP: the order conditioning in the
elementwise MLPs (Equation (2.21)) and the global interactions (Equation (2.21)), until it reduces to
message passing ( AllDeepSets [Chien et al., 2022]). We also compare against naive EHNN (Section 2.2.2)
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Table 2.9: Ablation study on k-edge identi cation. We show averaged best test accuracy (%) over 5
runs with standard deviation. The results for AllDeepSets and EHNN-MLP are taken from Table 2.5.

Seen k Unseen k
Global interaction Order emb.  MLP realization Interpolation  Extrapolation

AllDeepSets \ 76.99+0.98 79.6+0.86 79.01+2.82
EHNN-MLP (ablated)

w/o global and order 78.94+1.18 78.6+£1.66 77.97+£1.83

w/o global 80.34+2.87 77.86+2.38 79.56+3.03

w/o order 84.05+1.77 81.30+3.56 80.17+3.34
EHNN (naive)

Lookup table for W; B 87.09+2.49 84.09+1.29 80.20+2.21

Hypernetwork for W; B 83.74+2.89 83.19+1.57 79.93+2.61
EHNN-MLP \ 98:02+0:73  90:70+2:90 85:65+2:89

Table 2.10: Runtime and memory cost. We show aggregated results over 20 runs on a single A100 GPU.

Forward (ms) Backward (ms) Peak memory (MB)

AllDeepSets 5.538+0.689 3.470+0.071 4.608+0.000
AllSetTransformers 6.883+0.657 5.037+0.681 5.077+0.000
EHNN (naive)
Lookup table for W; B 28.68+0.535 71.71+£3.597 14.43+0.000
Hypernetwork for W;B  31.56+1.110 76.78+6.044 17.40+0.000
EHNN-MLP 7.517+0.865 7.179+0.548 7.361+0.000
EHNN-transformer 14.51+1.146 13.41+0.0962 11.98+0.000

which is maximally expressive but, unlike EHNN-MLP, is not realized as 3 elementwise MLPs. The
results are in Table 2.9. Ablating any component of EHNN-MLP degrades performance until similar to
AllDeepSets.

Runtime and memory cost

To test the computational e ciency of EHNN, we perform runtime and memory cost analysis using
random hypergraphs with 1024 nodes and 128 randomly wired hyperedges with ordegsf 2;:::;10g. The
results are outlined in Table 2.10. Naive EHNN (Section 2.2.2) su ers from high time and memory cost
as it requires to explicitly hold all order-speci ¢ weight matrices in memory. In contrast, EHNN-MLP/-
transformer are more e cient, improving time and memory cost from 5-20 to 2-3 with respect to
highly optimized message passing while still being maximally expressive.

2.2.4 Discussion

We proposed a class of hypergraph networks coined equivariant hypergraph neural network (EHNN).
EHNN extends the foundations of equivariant GNNs to general undirected hypergraphs by representing
a hypergraph as a sequence of tensors and combining equivariant linear layers on them. We further
proposed EHNN-MLP/-transformer, practical realizations of EHNN based on hypernetworks. We showed
that EHNN is more expressive than most message-passing networks and provided empirical evidence.
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Figure 2.6: Overview of Tokenized Graph Transformer (TokenGT). We treat all nodes and edges of an
input graph as independent tokens, augment them with orthonormal node identi ers and trainable type
identi ers, and feed them to a standard transformer encoder. For graph-level prediction, we follow the
common practice [Devlin et al., 2019, Dosovitskiy et al., 2021] of using a trainable [graph] token.

2.3 Tokenized graph transformer

In recent years, transformer [Vaswani et al., 2017] has served as a versatile architecture in a broad
class of machine learning problems, such as natural language processing [Devlin et al., 2019, Brown et al.,
2020], computer vision [Dosovitskiy et al., 2021], and reinforcement learning [Chen et al., 2021], to hame
a few. It is because the fully-attentional structure of transformer is general and powerful enough to
take, process, and relate inputs and outputs of arbitrary structures, eliminating a need for data- and
task-speci ¢ inductive bias to be baked into the network architecture. Combined with large-scale training,
it opens up a new chapter for building a versatile model that can solve a wide range of problems involving
diverse data modalities and even a mixture of modalities [Jaegle et al., 2021b,a, Reed et al., 2022].

In graph learning domain, inspired by the breakthroughs, multiple works tried combining self-attention
into graph neural network (GNN) architecture where message passing was previously dominant [Min
et al., 2022]. As global self-attention across nodes cannot re ect the graph structure, however, these
methods introduce graph-speci ¢ architectural modi cations. This includes restricting self-attention to
local neighborhoods [Velickovic et al., 2018, Nguyen et al., 2022, Dwivedi and Bresson, 2020], using
global self-attention in conjunction with message-passing GNN [Rong et al., 2020, Lin et al., 2021,
Kim et al., 2021a], and injecting edge information into global self-attention via attention bias [Wang
et al., 2019c, Ying et al., 2021, Hussain et al., 2021, Park et al., 2022]. Despite decent performance,
such modi cations can be a limiting constraint in terms of versatility, especially considering future
integration to multi-task and multi-modal general-purpose attentional architectures [Jaegle et al., 2021hb].

In addition, deviating from pure self-attention, these methods may inherit the issues of message-passing
such as oversmoothing [Li et al., 2018, Cai and Wang, 2020, Oono and Suzuki, 2020], and become
incompatible with useful engineering techniques e.g., linear attention [Tay et al., 2020] developed for
standard self-attention.

Instead, we explore the opposite direction of applying a standard transformer directly for graphs. For
this, we treat all nodes and edges as independent tokens, augment them with appropriate token-wise
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embeddings, and feed the tokens as input to the standard transformer. The model operates identically to
transformers used in language and vision; each node or edge is treated as a token, identical to the words
in a sentence or patches of an image [Vaswani et al., 2017, Dosovitskiy et al., 2021]. Perhaps surprisingly,
we show that this simple approach yields a powerful graph learner both in theory and practice.

As a key result, we prove that with appropriate token-wise embeddings, self-attention over the node
and edge tokens can approximate any permutation-equivariant linear operator on a graph [Maron et al.,
2019b]. Remarkably, we show that a very simple choice of embedding composed of node identi ers and
type identi ers is su cient for accurate approximation. This provides a solid theoretical guarantee that,
with the embeddings and enough attention heads, a transformer is at least as expressive as a second-order
invariant graph network (2-IGN) [Maron et al., 2019b, Kim et al., 2021a], which is already more expressive
than message-passing GNNs [Gilmer et al., 2017]. This also immediately grants the model with the
expressive power at least as good as the 2-dimensional Weisfeiler-Lehman (WL) graph isomorphism
test [Maron et al., 2019a], which is often su cient for real-world graph data [Zopf, 2022]. We further
extend our theoretical result to hypergraphs with orderk hyperedges, showing that a transformer with
order-k generalized token embeddings is at least as expressive as k-IGN and, consequently k-WL test.

We test our model, named tokenized graph transformer (TokenGT), mainly on the PCQM4Mv2
large-scale quantum chemical property prediction dataset containing 3.7M molecular graphs [Hu et al.,
2021]. Even though TokenGT involves minimal graph-speci ¢ architectural modi cations, it performs
signi cantly better than all GNN baselines, showing that the advantages of transformer architecture
combined with large-scale training surpass the benet of hard inductive bias of GNNs. Furthermore,
TokenGT achieves competitive performance compared to transformer variants with strong graph-speci c
modi cations [Ying et al., 2021, Hussain et al., 2021, Park et al., 2022]. Finally, we show that TokenGT
can naturally utilize e cient approximations in transformers in contrast to these variants, using kernel
attention [Choromanski et al., 2021] that enables linear cost without much degradation in performance.

2.3.1 Method

In this section, we present TokenGT, a pure transformer architecture for graphs with token-wise
embeddings composed of node identi ers and type identi ers (Figure 2.6). Our goal in this section is to
provide a practical overview. For theoretical analysis, we guide the readers to Section 2.3.2.

Let G = (V;E) an input graph with n nodesV = fv;::;vog and m edgesE = feq;::;eng V 2,
associated with features X’ 2 R"C and XE 2 R™C | respectively. We treat each node and edge as an
independent token (thus (n+ m) tokens in total) and construct their features by X = [X V;XE]2 R(™mC
A naive way to process a graph is to directly provide the tokens X as input to a transformer, but it would
discard all connectivity. To properly represent graph structure, we augment the tokens X with token-wise
embeddings, more speci cally orthonormal node identi ers used for representing the connectivity of the
tokens and trainable type identi ers that encode whether a token is a node or an edge. Despite the
simplicity, we show that a transformer applied on these embeddings is a powerful graph learner.

Node identiers The rst component of token-wise embedding is the orthonormal node identi er that
we use to represent the connectivity structure given in the input graph.

For a given input graph G= (V;E), we rst produce n node-wise orthonormal vectors P2 R"9 »
that we refer to as node identi ers. Then, we augment the tokens X with node identi ers as follows.

~ For each node v 2 V, we augment the token X, as [X,;Py;Py].
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" For each edge (u;v) 2 E, we augment the token X,.,) as [X.) ;Pu;Pv].

Intuitively, a transformer operating on the augmented tokens can fully recognize the connectivity structure
of the graph since comparing the node identi ers between a pair of tokens reveals their incidence
information. For instance, we can tell if an edgee = (u; v) is connected with a nodek through dot-product
(attention) since [P y;Py][P«;Pk]> = 1 if and only if k 2 (u;v) and O otherwise. This allows the
transformer to identify and exploit the connectivity structure of a graph, for instance by putting more
weights on incident pairs when the local operation is important.

Notably, as the node identi ers P are only required to be orthonormal, we have a large degree of
freedom in implementation choices. We outline two practical methods below as examples.

~ Orthogonal random features (ORFs), e.g., rows of random orthogonal matrix Q2 R"" obtained
via QR decomposition of random Gaussian matrix G2 R"" [Yu et al., 2016, Choromanski et al.,
2017].

" Laplacian eigenvectors obtained from eigendecomposition of graph Laplacian matrix, i.e., rows of U
from =1 D?¥ AD ¥ =U> U, where A 2R"" s adjacency matrix, D is degree matrix,
and , U correspond to eigenvalues and eigenvectors respectively [Dwivedi et al., 2020].

Among the two methods, node identi ers generated as ORFs do not encode any information about the
graph structure as they are entirely random. This means the transformer that operates on the ORF-based
node identi ers needs to compile and recognize graph structure only from the incidence information
provided by the node identi ers. Although this is challenging, perhaps surprisingly, we empirically show
in Section 2.3.4 that transformers are strong enough to learn meaningful structural representations out of
ORF-based node identi ers and outperform GNNs on large-scale task.

In contrast to ORFs, Laplacian eigenvectors provide a kind of graph positional embeddings (graph
PEs) that describes the distance between nodes on a graph. Due to the positional information, it yields
better performance compared to ORFs in our experiments in Section 2.3.4. One interesting aspect of
Laplacian eigenvectors is that they can be viewed as a generalization of sinusoidal positional embeddings of
NLP transformers to graphs, as the eigenvectors of 1D chain graphs are sine and cosine functions [Dwivedi
et al., 2020]. Thus, by choosing Laplacian eigenvectors as node identi ers, our approach can be interpreted
as a direct extension of the NLP transformer for inputs involving relational structures.

Type identiers The second component of token-wise embedding is the trainable type identi er that
encodes whether a token is node or edge. For a given input grap@ = (V; E), we rst prepare a trainable
parameter matrix E = [E V;EF] 2 R29 ¢ that contains two type identiers E V and EF for nodes and
edges respectively. Then, we further augment the tokens with type identi ers as follows.

" For each node v 2 V, we augment the token [X,;Py;Py] as [Xy;Py;Py;EV].
" For each edge (u;v) 2 E, we augment the token [X,.) ; Pu;Pv] as Xy sPuiPy; EF).

These embeddings provide information on whether a given token is a node or an edge, which is
critical, e.g., when an attention head tries to attend speci cally to node tokens and ignore edge tokens.

Main transformer With node identi ers and type identi ers, we obtain augmented token features
Xin 2 RO+m)(C+2d  p+de) which is further projected by a trainable matrix wi" 2 R(C*2d p*de)d g pe
an input to transformer. For graph-level prediction, we prepend a special tokerfgraph] with trainable
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embedding Xgrapnyy 2 RY similar to BERT [Devlin et al., 2019] and ViT [Dosovitskiy et al., 2021].
We utilize the feature of [graph] token at the output of the encoder as the graph representation, on
which a linear prediction head is applied to produce the nal graph-level prediction. Overall, the tokens
ZO = [X [grapn) ;XM wi"] 2 RAMMA  are ysed as the input to the main encoder. As an encoder,
we adopt the standard transformer [Vaswani et al., 2017], which is an alternating stack of multihead
self-attention layers (MSA) and feedforward MLP layers. We provide further details in Appendix A.3.1.

Inductive bias Similar to transformers in language and vision [Devlin et al., 2019, Dosovitskiy et al.,
2021], TokenGT treats input nodes and edges as independent tokens and applies self-attention to them.
This approach leads to much less inductive bias than current GNNs, where the sparse graph structure, or
more fundamentally, permutation symmetry of graphs is deliberately baked into each layer [Gilmer et al.,
2017, Maron et al., 2019b,a, Kim et al., 2021a]. For TokenGT, such information is provided entirely as a
part of input using token-wise embeddings, and the model has to learn how to interpret and utilize the
information from data. Although such weak inductive bias might raise questions on the expressiveness
of the model, our theoretical analysis in Section 2.3.2 shows that TokenGT is a powerful graph learner
thanks to the token-wise embeddings and expressive power of self-attention. For example, we show that
TokenGT is more expressive than all message-passing GNNs under the framework of Gilmer et al. [2017].

2.3.2 Theoretical analysis

We now present our theory. Our key result is that TokenGT, a standard transformer with node and
type identi ers presented in Section 2.3.1, is provably at least as expressive as the second-order invariant
graph network (2-IGN [Maron et al., 2019b]), which is built upon all possible permutation-equivariant
linear layers on a graph. This provides solid guarantees for TokenGT, such as being at least as powerful
as the 2-WL graph isomorphism test and more expressive than all message-passing GNNs. Our theory is
based on a general framework on hypergraphs represented as higher-order tensors, which leads to the
formulation of order-k TokenGT that is at least as expressive as order-k IGN [Maron et al., 2019b].

Preliminary

We provide necessary background before presenting the main results.

Representing and processing sets and (hyper)graphs For a set of n nodes, we often represent
their features as X 2 R"9 where X; 2 RY is the feature of thei-th node. The set is unordered and,
therefore, should be treated invariant to the renumbering of the nodes. LetS, the symmetric group or
the group of permutations on [n]= f1;::;;ng. By X we denote permuting rows of X with , i.e.,
( X) i=X 1. Here, Xand X represent the identical set forall 2S .

Generally, we consider (hyper)graphs represented as ordértensor X 2 R d with feature X j =
Xi, i, 2 RY attached to (hyper)edge represented as multi-index i = (1;::;ix) 2 [n]¢. Similar to
sets, the tensor should be treated invariant to node renumbering by any 2 S, that acts on X by
( X)i=X 1 where * ()=( ! (iy);=; 1 (k). Thatis, X and X represent the identical
(hyper)graph for all . Due to such symmetry, to build a function F(X) T for tensor X and target T,
a suitable way is to make them invariant F( X) = F(X) when the target is a vector or equivariant
F( X)= F(X) when the target is also a tensor, for all X 2 R n“d and 2S h-

In our theoretical analysis, we work on orderk dense tensor representation X2 R"d ofa graph
as they can represent node featuresk(= 1), edge features k = 2), or hyperedge features Kk > 2) in a
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uni ed manner. This is interchangeable but slightly di erent from the sparse representation of a graph
with edge setE used in Section 2.3.1. Nevertheless, in Section 2.3.4 we empirically verify that our key
theoretical ndings work equally well for dense and sparse graphs.

Invariant graph network We mainly develop our theoretical analysis upon Invariant Graph Networks
(IGNs) [Maron et al., 2019a,b], a family of expressive graph networks derived from the permutation
symmetry of tensor representation of graphs. Here we provide a summary. In general, we de ne:

De nition 4. An order- Kk Invariant Graph Network (k-IGN) is a function Fy : R d o IR written as:
Fk=sMLP L o LG L 9

where eachL ) is equivariant linear layer [Maron et al., 2019b] from R"* @ = to R" ¢« is activation
function, and Lo is a invariant linear layer from R n“d 1 toR.

A body of previous work have shown appealing properties d-IGN, including universal approximation
[Maron et al., 2019c] and alignment tok-Weisfeiler-Lehman K-WL) graph isomorphism test [Maron et al.,
2019a, Chen et al., 2020b]. In particular, it is known that k-IGNs are at least as powerful as thek-WL
test [Maron et al., 2019a]. It is also known that 2-IGNs are already more expressive [Maron et al., 2019b,
Kim et al., 2021a] than all message-passing GNNs under the framework of Gilmer et al. [2017].

The core building block of IGN is invariant and equivariant linear layers [Maron et al., 2019b] with
maximal expressiveness while respecting node permutation symmetry. The layers are de ned as follows:

De nition 5. An equivariant linear layer is a function Ly : R d 1R n'd° written as follows for
order-k input X2 R " 9 :
X X X
Lt X)i= Bi;j XjW + C; b ; (2.26)
j

where i2 [n]';j 2 [n]¢ are multi-indices, w 2 R99 ° b 2 RY are weight and bias parameters, and
B 2R"™ andC 2R" are binary basis tensors corresponding to orderi(+ k) and order-I equivalence
classes and , respectively. Invariant linear layer is a special case of L with | =0.

We provide the de nition of the equivalence classes and basis tensors in Appendix A.3.1. For now, it
is su cient to know that the basis tensors are binary tensors that form the orthogonal basis of the full
space of linear equivariant layers. In general, in Equation (2.26) it is known that there existsbell(k + 1)
number of basis tensors B for the weight and bell(I) number of basis tensors C for the bias.

Can self-attention approximate equivariant basis?

Now, we present an intuition that connects transformer (Section 2.3.1) and equivariant linear
layer (De nition 5). For that, we write out the multihead self-attention layer as follows:
|
XX Xw Q (Xw K> ’

MSA(X) ; = 1 X;wy w where " = softmax nd W )

il : (2.27)
h=1 j Ay

where H is number of heads, ¢ is head size, and \ﬁ;wr'f 2RI WY 2RAd v WO 2RIV
Our intuition is that the weighted sum of values with self-attention matrix " in Equation (2.27)
is analogous to the masked sum with basis tensor B in Equation (2.26) up to normalization. This
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naturally leads to the following question: for a given equivariant layer Ly R1“d IR "d  canwe
use a transformer layer with multinead self-attention MSA : RN ¢ IR Nd °with N = nk to accurately
approximate Ly by having H = bell(2k) attention heads approximate each equivariant basis B ?

We show that this can be possible, but only if we provide appropriate auxiliary information to input.
For example, let us consider rst-order layer L1 . The layer hasbell(2) = 2 basis tensors B * =1 and
B 2= 11> | for the weight, and bell(1) = 1 basis tensor C * = 1 for the bias. Given an input set
X 2R "4 it computes the following with wy;w, 2 R49 | b 2 RY:

L1 (X): IXw 1+(11> |)XW 2+1b>:

Now consider approximating basis tensor B* = | with an attention matrix 1. The approximation
is accurate wheni-th query always only attends to i-th key and ignores the rest. To achieve the attention
structure consistently, i.e., agnostic to input X, we need to provide auxiliary input that self-attention can
"latch onto" to faithfully approximate 1 |. Without this, attention must entirely rely on the inputs
X, which is unreliable and can lead to approximation failure, e.g., when X has repeated rows.

For the auxiliary information, we prepare n node-wise orthonormal vectors P2 R"® » (note that
this is identical to node identi ers in Section 2.3.1), and augment the input to X' =[X ;P] 2 R"@*d »),
Let us assume that the query and key projections in Equation (2.27) ignore X and only leave P scaled
by P awith a> 0. Then attention matrix is computed as ! = softmax(S) where S = aP; Pj. Here,
due to the orthonormality of P, we have P P; =1 only if i = j and otherwise 0, which leads to S =al.
With a!l by scaling up the query and key projection weights, the softmax becomes arbitrarily close
to the hardmax operator, and we obtain the following:

! =softmax(al)!l as al!l:

Thus, self-attention can utilize the auxiliary information P to achieve an input-agnostic approximation
of !toI. Notably, we can achieve a similar approximation for B 2 = 11> | using the same P by
ipping the sign of keys, which gives 2 = softmax( a |) due to orthonormality. By sending a!1 , now
attention from the i-th query to the i-th key is suppressed, and we obtain the following:

2 = softmax (al) ! ﬁ(ll> ) as all:

Note that this approximation is accurate only up to row normalization as rows of 2 always sum to
one due to softmax, while B 2 = 11> 1 is binary. In our proofs of the theoretical results, we perform
appropriate denormalization with MLP after MSA to achieve an accurate approximation.

Overall, we see that simple auxiliary input P su ces for two attention heads to approximate the
equivariant basis of Ly;; accurately. We now question the following. Given appropriate auxiliary
information as input, can a transformer layer with bell(2k) attention heads accurately approximate Ly
by having each head approximate each equivariant basis B? What would be the su cient auxiliary
input? We answer the question by showing that, with (orderk generalized) node and type identi ers
presented in Section 2.3.1, transformer layers can accurately approximate equivariant layetsyy, via
input-agnostic head-wise approximation of each equivariant basis.
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Pure transformers are powerful graph learners

We now present our main theoretical results that extend the aforementioned discussions to any
order k. Note that k = 2 corresponds to TokenGT for graphs presented in Section 2.3.1. Withk > 2, we
naturally extend TokenGT to hypergraphs. All proofs can be found in Appendix A.3.2.

We rst introduce generalized node and type identi ers (Section 2.3.1) for orderk tensors X 2 Rn“d
We de ne the node identier P 2 R"9 » as an orthonormal matrix with n rows, and the type identi er as a
trainable matrix E 2 RPed e that contains bell(k) rows E *;:::;E b0 | each of which is designated for
an orderk equivalence class . Then, we augment each entry of input tensor as [X,:i .;Pi,; 5 Pi s E ]
where (ig;::5ik) 2 .

Let us exemplify. For k = 1 (sets), eachi-th entry is augmented as [X;;Pi;E ], consistent with our
discussion for the graph case. Fok =2 (graphs), each (i;i)-th entry is augmented as [X; ; Pi;P;i;E ]
and each {;j )-th entry (i & j) is augmented as [X; ;Pi;P;;E 2]. This is consistent with TokenGT in
Section 2.3.1, which augments nodes with £ = E * and edges with EE = E 2.

With node and type identi ers, we obtain augmented order-k tensor X 2 R (@+kd p+de) \We yse
a trainable projection w" 2 R(@kd p*de)d 1 t9 map them to hidden dimensiondr of a transformer. We
now show that self-attention on X™ w" can accurately approximate equivariant basis:

Lemma 1. For all X 2 R"™ 9 and their augmentation X", self-attention coe cients " (Equa-
tion (2.27)) computed with X w" can approximate any basis tensor B 2 R"™ of order-k equivariant
linear layer Lk (De nition 5) to arbitrary precision up to normalization.

Consequently, with the node and type identi ers, a collection of bell(2k) attention heads can
approximate the collection of all basis tensors of order-k equivariant layer. This leads to the following:

Theorem 7. For all X 2 R" ¢ and their augmentation X" | a transformer layer with bel(2k) self-
attention heads that operates on X' w" can approximate an orderk equivariant linear layer Ly (X)
(De nition 5) to arbitrary precision.

While the approximation in Lemma 1 is only accurate up to normalization over inputs (keys) due to
softmax normalization, for the approximation in Theorem 7 we perform appropriate denormalization
using MLP after multihead self-attention and can obtain an accurate approximation.

By extending the result to multiple layers, we arrive at the following:

Theorem 8. For all X 2R" ¢ and their augmentation X" , a transformer composed ofT layers that
operates on X" w" followed by sum-pooling and MLP can approximate ak-IGN F,(X) (De nition 4)
to arbitrary precision.

This directly leads to the following corollary:

Corollary 3. A transformer on node and type identi ers in Theorem 8 is at least as expressive as k-IGN
composed of order-k equivariant linear layers.

Corollary 3 allows us to draw previous theoretical results on the expressiveness &fIGN [Maron
et al., 2019a,b, Kim et al., 2021a] and use them to lower-bound the provable expressiveness of a standard
transformer:

Corollary 4. A transformer on node and type identi ers in Theorem 8 is at least as powerful as k-WL
graph isomorphism test and is more expressive than all message-passing GNNs within the framework of
Gilmer et al. [2017].
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2.3.3 Related work

Equivariant neural networks A machine learning task is often invariant or equivariant to speci c
symmetry of input data, e.g., image classi cation is invariant to the translation of an input image. A
large body of literature advocated baking the invariance or equivariance into a neural network as a type
of inductive bias (e.g., translation equivariance of image convolution), showing that it reduces the number
of parameters and improves generalization for a wide range of learning tasks involving various geometric
structures [Cohen and Welling, 2016, 2017, Weiler et al., 2018, Thomas et al., 2018, Pan and Kondor,
2022, Bronstein et al., 2017]. Ravanbakhsh et al. [2017] showed that any equivariant layer for discrete
group actions is equivalent to a speci ¢ parameter sharing. Zaheer et al. [2017], Maron et al. [2019b]
derived the parameter sharing for node permutation-symmetric data (sets and (hyper)graphs), which gives
the maximally expressive equivariant linear layers andk-IGN. The work on equivariant neural networks
underlie our theory of how a standard transformer can be a powerful learner for sets and (hyper)graphs.

Expressive power of transformers and its connection to equivariance Recent work on transform-

ers often focus on minimizing the domain- and task-speci ¢ inductive bias and scaling the model and data
so that any useful computation structure can be learned [Dosovitskiy et al., 2021, Jaegle et al., 2021b,a,
Brown et al., 2020, Devlin et al., 2019, Chen et al., 2021]. The success of this approach is, to some degree,
attributed to the high expressivity of transformers that allows learning diverse functions suited for the
data at hand [Yun et al., 2020, Bhattamishra et al., 2020, Bhojanapalli et al., 2020, Likhosherstov et al.,
2021]. Recent theory has shown that transformers are expressive enough to model certain equivariant
functions. Andreoli [2019] cast self-attention and convolution into a uni ed framework using basis tensors.
Cordonnier et al. [2020] showed that transformers with relative positional encodings can approximate
any image convolution layers. Lee et al. [2019], Kim et al. [2021a] showed that transformers can model
equivariant linear layers for sets, which can be viewed as the rst-order case of our theory. To our
knowledge, our work is the rst to show that standard transformers are expressive enough to provably
model maximally expressive equivariant layers and k-IGN for (hyper)graphs with k 2.

Transformers for graphs  Unlike language and vision, developing transformers for graphs is challenging
due to (1) the presence of edge connectivity and (2) the absence of canonical node ordering that prevents
adopting simple positional encodings [Min et al., 2022]. To incorporate the connectivity, early methods
restricted self-attention to local neighborhoods (thus reducing to message passing) [Dwivedi and Bresson,
2020, Nguyen et al., 2022, Velickovic et al., 2018] or used global self-attention with auxiliary message
passing [Rong et al., 2020, Lin et al., 2021]. As message passing su ers from limited expressivity and
oversmoothing, recent works often discard them and use global self-attention on nodes with heuristic
modi cations to process edges. Ying et al. [2021], Park et al. [2022] proposed to inject edge encoding
based on shortest paths via attention bias. Kreuzer et al. [2021] proposed to incorporate edges into
attention matrix via elementwise multiplication. We leave the self-attention unmodi ed and provide both
nodes and edges with token-wise embeddings in Section 2.3.1 as its input. To inject graph structure into
nodes, some works focus on developing graph positional encoding [Dwivedi et al., 2020, Lim et al., 2022,
Kreuzer et al., 2021]. These can be directly incorporated into our work via auxiliary node identi ers, and
hence are complementary. A work closely related to us is higher-order transformer [Kim et al., 2021a] that
generalizesk-IGN with masked attention. While it is complex to implement due to hard-coded per-head
masks, our method can be implemented e ortlessly using any available transformer. Also, our model can
exibly use di erent heads to focus on a speci ¢ equivariant operator (e.g., local propagation) if needed.
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Table 2.11: Second-order equivariant basis approximation. We report average and standard deviation of
L2 error averaged over heads over 3 runs. For Random/ORF ( rst-order), we sample random embeddings
independently for each token.

dense input sparse input

node id. type id. train L2 # test L2 # train L2 # test L2 #
\ 47.95 0.600 53.93 1.426 \ 29.88 0.450 34.70 1.167
32.38 0.448 40.06 1.202 15.92 0.275 20.39 0.765
Random ( rst-order) 32.19 0.476 32.49 3.687 15.87 0.247 16.56 0.904
ORF ( rst-order) 32.35 0.369 39.87 1.263 15.87 0.247 16.56 0.908
Random 5.909 0.019 5.548 0.090 8.152 0.042 8.270 0.285
ORF 5.472 0.035 5.143 0.078 7.167 0.025 7.190 0.217
Laplacian eigenvector 1.899 3.050 1.702 2.912 0.288 0.019 0.064 0.010
Random 0.375 0.009 0.234 0.011 0.990 0.108 0.875 0.042
ORF 0.080 0.001 0.009 5e-5 0.129 0.002 0.011 0.002
Laplacian eigenvector 0.053 1.5e-5 0.005 1le-4 0.101 0.003 0.019 0.007

Figure 2.7: Self-attention maps learned under various node and type identi er con gurations for two
target equivariant basis tensors (out of 15). For better visualization, we clamp the entries by 0.01.
Self-attention learns acute patterns coherent to equivariant basis when orthonormal node identi ers and
type identi ers are both provided as input.

2.3.4 Experiments

We rst conduct a synthetic experiment that directly con rms our key claims in Lemma 1. Then,
we empirically explore the capability of TokenGT using the PCQM4Mv2 large-scale quantum chemistry
regression dataset [Hu et al., 2020a].

Approximating second-order equivariant basis

As in Theorem 7 and 8, our argument on the expressive power of TokenGT relies on its capability to
approximate order-k permutation-equivariant linear layers Lyx (De nition 5). Speci cally, Lemma 1
states that such capability depends on the ability of each self-attention head *;::; ™ (Equation (2.27))
to accurately approximate each equivariant basis B;::;; B tei20  (De nition 5) up to normalization.

We verify this claim for k = 2 (second-order; graphs) in a synthetic setup using Barabasi-Albert

36



	 Contents 
	 List of Tables 
	 List of Figures 
	Introduction  
	Higher-order Transformers  
	Higher-order transformers
	Preliminary
	Method
	Experiments
	Discussion

	Equivariant hypergraph neural networks
	Preliminary
	Method
	Experiments
	Discussion

	Tokenized graph transformer
	Method
	Theoretical analysis
	Related work
	Experiments
	Discussion


	Probabilistic Symmetrizations  
	Probabilistic symmetrization
	Method
	Related work
	Experiments
	Discussion

	Orbit distance minimization
	Method
	Experiments
	Discussion

	Transformation-inverting energy diffusion
	Related work
	Preliminaries
	Method
	Experiments
	Discussion


	Random Walk Neural Networks  
	Random walk neural networks
	Method
	Theoretical analysis
	Related work
	Experiments
	Discussion

	Flock: A knowledge graph foundation model
	Related work
	Preliminary
	Method
	Theoretical analysis
	Experiments
	Discussion


	Conclusion  
	Appendix  
	Appendix of higher-order transformers
	Proofs

	Appendix of equivariant hypergraph neural networks
	Proofs

	Appendix of tokenized graph transformers
	Preliminary
	Proofs

	Appendix of probabilistic symmetrization
	Proofs

	Appendix of orbit distance minimization
	Proofs

	Appendix of transformation-inverting energy diffusion
	Preliminary
	Proofs
	Practical implementation details

	Appendix of random walk neural networks
	Second-order random walks
	Main algorithm
	Attention visualizations
	Proofs

	Appendix of Flock
	Proofs
	Flock details


	Acknowledgments in Korean
	Acknowledgments
	Curriculum Vitae

